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Aims of the training

© Familiarize you with the quantum computing

© Show the possible advantage of quantum computers on specific tasks
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Timetable of day 2

9:00-10:30 Grover’s algorithm
10:30-10:45 Break
10:45-12:00 Quantum Fourier Transform
12:00-13:00 Lunch Break
13:00-14:00 Quantum Phase Estimation
14:00-14:15 Break
14:15-15:45 Shor’s algorithm

15:45 Q&A and Closing the event

Probably we will end sooner.
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Unstructured search

Let ¥ = {0,1} denote the binary alphabet (throughout the lesson).

Suppose we're given a function
that we can compute efficiently.
Our goal is to find a solution, which is a binary string x € X" for which f(x) = 1.

Search
Input: f:X" > X%

Output: a string z € X" satisfying f(x) = 1, or “no solution” if no such strings exist.

This is unstructured search because f is arbitrary — there’s no promise and we can’t rely
on it having a structure that makes finding solutions easy.
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Algorithms for search

Search

Input: f:¥X" =X
Output: a string € X" satisfying f(z) = 1, or “no solution” if no such strings exist.

Hereafter let us write

By iterating through all x € X" and evaluating f on each one, we can solve Search with N queries.
This is the best we can do with a deterministic algorithm.
Probabilistic algorithms offer minor improvements, but still require a number of queries linear in N.

Grover’s algorithm is a quantum algorithm for Search requiring O(v/N) queries.
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Phase query gates

We assume that we have access to the function f : X" — ¥ through a query gate:

] U : |a)|z) = |a@® f(z))|z) (foralla€ ¥ and 2 € £") \
(We can build a circuit for U given a Boolean circuit for f.)
The phase query gate for f operates like this:

Zs :[2) > (-1)'@f) (forall z € 5") |

(-1)"|x)
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Phase query gates

The phase query gate for f operates like this:

Ze : |z) = (=)@ |z)  (for all z € ¥7)

We're also going to need a phase query gate for the n-bit OR function:

OR(z) = {(1) * ; gn (for all x € X7)
%

lz)  xz=0"

(for all z € ¥")
—lz)y x£0"

Zor|z) = {
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Algorithm description

Grover’s algorithm

@ Initialize: set n qubits to the state H®"|0™).
@ lterate: apply the Grover operation t times (for ¢ to be specified later).

@ Measure: a standard basis measurement yields a candidate solution.

The Grover operation is defined like this:

G = H®"ZorH®"Z;

Zy is the phase query gate for f and Zog is the phase query gate for the n-bit OR
function.
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Algorithm description

Grover’s algorithm
© Initialize: set n qubits to the state H®™|0").
© Iierate: apply the Grover operation t times (for ¢ to be specified later).
© Measure: a standard basis measurement yields a candidate solution.

The Grover operation is defined like this:

G = H®"ZorH®" Z;

Z¢ is the phase query gate for f and Zor is the phase query gate for the n-bit OR function.
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Algorithm description

Grover’s algorithm

@ Initialize: set n qubits to the state H®™|0™).
@ Iierate: apply the Grover operation t times (for ¢ to be specified later).

© Measure: a standard basis measurement yields a candidate solution.

The Grover operation is defined like this:

G =H®*"ZorH®" Z;
Zy is the phase query gate for f and Zor is the phase query gate for the n-bit OR function.

A typical way that Grover’s algorithm can be applied:
@ Choose the number of iterations ¢ (next section).
© Run Grover’s algorithm with ¢ iterations to get a candidate solution x.

© Check the solution. If f(z) =1 then output z, otherwise either run Grover’s algorithm again
(possibly with a different ¢) or report “no solutions.”
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Solutions and non-solutions

We’ll refer to the n qubits being used for Grover’s algorithm as a register Q.

We're interested in what happens when Q is initialized to the state H®™|0™) and the Grover operation G
is performed iteratively.

G =H*"ZorH®" Z;

These are the sets of non-solutions and solutions:

Ag={z€X": f(z) =0}
Ai={zeX": f(z) =1}
We will be interested in uniform superpositions over these sets:

| Ao) = \/W > o)

zEAg

Ai
|A1) = ﬁ\ = IGZAl\
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Analysis: basic idea

Av={ze=": f(@)=0} Ai={zes": f(z)=1}
Ar) = 0
W R M B

The register Q is first initialized to this state:

|u) = H®"|0") Z

Ex"

This state is contained in the subspace spanned by |A4o) and |.A41):

\.Ao| \.A1|

u) = | Ao) + | A1)

The state of Q remains in this subspace after every application of the Grover operation G.
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Action of the Grover operation

We can better understand the Grover operation by splitting it into two parts:

G = (H®"Zor H®") (Zy)

@ Recall that Z; is defined like this:
Zslz) = (=1)'@|z)  (for all z € =)
Its action on |Ap) and |A;) is simple:

Z¢|Ao) = |Ao)
ZglAr) = —| A1)
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Action of the Grover operation

We can better understand the Grover operation by splitting it into two parts:

G = (H®"Zor H®™) (Zy)

© The operation Zog is defined like this:

T z=0" "
ZOR|$>_{—>1~> £ Q" (for all z € X")

Here’s an alternative way to express Zor:

ZOR = 2|0"><0n| -1

Using this expression, we can write H®"Zor H®™ like this:

H®" Zor H®™ = H®™(2|0™)(0"] — I)H®" = 2|u)(u| — I

Michal Belina (VSB-TUO)

16 /76



Action of the Grover operation

Z¢|Ao) = | Ao)
Zs| ALy = —| A1)

\Ao \A1|

u) = | Ao) + | A1)

Gl Ao) = (2[u)(u| — I)Z|Ao)
= (2|u){ul = I)[Ao)

2ol 1y — 10
'j‘g"( ol + /iy >)—|Ao>
— 2+/| Aol A
_ A |v41\|A0>Jr V[ Aol| 1||“41>

N N
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Action of the Grover operation

241 Ao) = | Ao)
Zg| A1) = —| A1)
juy = 4/ 22y 4 /1l

= 2./| Aol A
G|Ao) = LN"AIHA@ 4 wb‘h)

GlA) = (2fu)(u| — I)Zs| A1)
= (1 = 2fu)(ul)| A1)

= 14y - 2/t
= A -2 *;'( 2ol ) 44/ Mty >>
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Action of the Grover operation

Zs|Ao) = |Ao)
Zfl A1) = —| A1)
juy = 4/ 122l 4 /1l g

= 2./|Aol|| A
G| Ao) = MM@ 4+ wmﬁ

N N
24/ |Ao||A Ao| — |A

The action of G on span{|Ao), |A1)} can be described by a 2 X 2 matrix:

[Ao|—]A1] _ 2v/|Aol|A1]
M = N N
2/ [AollA1] [Ao|—]A1]
N N
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Rotation by an angle

The action of G on span{|.Ag),| A1)} can be described by a 2 x 2 matrix:

2
[Ag|—|A1| _ 2/ Aol A4 1Aol /1ALl
M = N N — N N
24/ Ao||A1 [Ao|=|A1] |A1] [Ao]
N N N N

This is a rotation matrix.

‘?\?I *\/% _ (cos@ —sind 0 — sin~" | A1
JAL] 40| |  \sinf cosf - N

(cos(29) - sin(29))

M sin(20)  cos(26)

Michal Belina (VSB-TUO)



Rotation by an angle

_ (cos(20) —sin(20) . | A1l
M= (sin(29) cos(20) 0 =sin N
After the initialization step, this is the state of the register Q:

| A

_ /| Adl A
a N

|u) T|A0> +

| A1) = cos(0)|.Ao) + sin(0) A1)
Each time the Grover operation G is performed, the state of Q is rotated by an angle 20:

|u) = cos(0)|Ag) + sin(6)|.A1)
G|u) = cos(36)|Ao) + sin(30)| A1)
G?|u) = cos(50)|Ao) + sin(50)|.A1)

G'|u) = cos((2t + 1)8)|Ao) + sin((2t + 1)0)|.A1)
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Geometric picture

Main idea

The operation G = H®"ZorH®"Z; is a composition of two reflections:
Zf and I‘I@mZ()RI’[@)n
Composing two reflections yields a rotation.
1. Recall that Z; has this action on the 2-dimensional space spanned by |Ag) and |A;):
Z|Ao) = |Ao)
Zg|Ar) = —| A1)
This is a reflection about the line L; parallel to |Ao).
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Geometric picture

The operation G = H®"ZorH®"Z; is a composition of two reflections:

Zf and H®nZORH®n
Composing two reflections yields a rotation.

2. The operation H®"ZorH®™ can be expressed like this:

H®" ZopH®™ = 2Ju)(u| — 1

Again this is a reflection, this time about the line Lo parallel to |u).

1A
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Geometric pictur

Main idea
The operation G = H®”ZORH®”Zf is a composition of two reflections:

Zf and H®W'ZORH®”

Composing two reflections yields a rotation.

When we compose two reflections, we obtain a rotation by twice the angle between the lines of reflection.

12D Gy
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Setting the target

Consider any quantum state of this form:

alAo) + BlA1)

Measuring yields a solution € A; with probability |3|>.

aldo) +BlA1) = =3 e 4, 10) + 5 e, I0)

Pr(outcome is in A1) = Zq:EAl p(z) = |B[?
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Setting the target

Consider any quantum state of this form:

alAo) + BlA1)

Measuring yields a solution = € A; with probability |8]?.
The state of Q) after ¢ iterations in Grover’s algorithm:

cos((2t + 1)0)| Ao) + sin((2t + 1)8)|A;) 0:sin71( ‘%')

Measuring after t iterations gives an outcome x € A; with probability:
sin?((2t +1)0)

We wish to maximize this probability—so we may view that |A1) is our target state.

Michal Belina (VSB-TUO)




Setting the target

The state of Q after t iterations in Grover’s algorithm:

cos((2t + 1)0)|Ao) +sin((2t +1)0)|A1) 0 =sin™* ( %)

Measuring after t iterations gives an outcome x € A; with probability:
sin?((2t 4 1)6)

To make this probability close to 1 and minimize ¢, we will aim for:
% closest integer = t= LIT)J

glx

Q+10~T & tx

Important considerations:

@ ¢ must be an integer
@ 6 depends on the number of solutions s = |A;|

Michal Belina (VSB-TUO)



Unique search

Unique search

Input: f:E¥ =X

Promise: There is exactly one string z € X" for which f(z) =1,
with f(z) = 0 for all strings = # z

Output: The string z

For Unique search we have s = |4;]| = 1 and therefore:

6 =sin~* (\/%) ~ %

Substituting € ~ 1/v/ N into our expression for ¢ gives:

t = LJNJ < O(VN) queries

Michal Belina (VSB-TUO)



Unique search

Example: N = 128
1( 1) _
9 = sin (ﬁ) 0.0885
t=|f] =
G®lu)
G12|u)
G? Ju)

/ ol
/ [1t) = cos(0)|Ag) +sin(0)| A1)

29 /76
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0 = sin* (\/%) = LﬁJ

Measuring after ¢ iterations gives the (unique) outcome x € A; with probability:

p(N,1) = sin®((2t + 1)6)

Success probabilities for Unique search

N | p(NV.1) N | p(V,1)
2 0.5 128 | 0.9956199
4 1.0 256 | 0.9999470

8 1 0.9453125 512 | 0.9994480
16 | 0.9613190 1024 | 0.9994612
32 | 09991823 2048 | 0.9999968
64 | 0.9965857 4096 | 0.9999453

It can be proved analytically that p(N,1) > 1 — <.
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Multiple solutions

Example: N = 128, s = 4

4
G Iu)G3|u)
Gz\u)

Glu)
GBhL) ) |w) = cos(0)|Ag) +sin(0)| A1)
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Multiple solutions

0=sin (VF) =[5

For every s € {1,..., N}, the probability p(JV,s) to find a solution satisfies:

p(N,s) > max{l -
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Number of queries

o=sin” (VE) t=5)

Each iteration of Grover’s algorithm requires 1 query (or evaluation of f). How does the number of queries
t depend on N and s?

sin™'(z) >z (for every x € [0,1])
=s

i (VE) 2 VE
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Unknown number of solutions

What do we do if we don’t know the number of solutions in advance?
A simple approach

Choose the number of iterations t € {1,..., |7V N/4]} uniformly at random.
@ The probability to find a solution (if one exists) will be at least 40%. (Repeat several times to boost
success probability.)
@ The number of queries (or evaluations of f) is O(vV N).
A more sophisticated approach
1. Set T =1.
2. Run Grover’s algorithm with ¢ € {1,...,T} chosen uniformly at random.

3. If a solution is found, output it and stop. Otherwise, increase T and return to step 2 (or report “no solut

@ The rate of increase of T' must be carefully balanced: slower rates require more queries, higher rates
decrease success probability. T < [%T] works.

@ If the number of solutions is s > 1, then the number of queries (or evaluations of f) required is
O(4/N/s). If there are no solutions, O(v'N) queries are required.

Michal Belina (VSB-TUO)
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Spectral theorem for unitary matrices

The spectral theorem is an important fact in linear algebra. Here is a statement of a special case of this
theorem, for unitary matrices.

Spectral theorem for unitary matrices
Suppose U is an N x N unitary matrix.

There exists an orthonormal basis {|¢1), ..., |¥n~)} of vectors along
with complex numbers

)\1 — 627”017. ., AN — 6277191\/

such that

N
U= kzl il r) (x|

Michal Belina (VSB-TUO)
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Spectral theorem for unitary matrices

The spectral theorem is an important fact in linear algebra. Here is a statement of a special case of this
theorem, for unitary matrices.

Spectral theorem for unitary matrices

Suppose U is an N x N unitary matrix.
There exists an orthonormal basis {|i1),...,|¥n)} of vectors along
with complex numbers

)\1 — 627”017...,/\N — 627r20N

such that

N
U= 1;—31 k| Wn) (x|

Each vector |¢r) is an eigenvector of U having eigenvalue Ag:

Ulhr) = |ton) = ™% [oy,)
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Phase estimation problem

In the phase estimation problem, we’re given two things:
@ A description of a unitary quantum circuit on n qubits.
© An n-qubit quantum state ).

We're promised that |¢) is an eigenvector of the unitary operation U described by the circuit, and our goal
is to approximate the corresponding eigenvalue.

Phase estimation problem

Input: A unitary quantum circuit for an n-qubit operation U
and an n-qubit quantum state |1))
Promise: [¢) is an eigenvector of U

Output:  An approximation to the number 6 € [0, 1] satisfying

Ul) = ey

Michal Belina (VSB-TUO)




Phase estimation problem

In the phase estimation problem, we’re given two things:
@ A description of a unitary quantum circuit on n qubits.
@ An n-qubit quantum state ).

We're promised that |¢) is an eigenvector of the unitary operation U described by the circuit, and our goal
is to approximate the corresponding eigenvalue.

Phase estimation problem

Input: A unitary quantum circuit for an n-qubit operation U
and an n-qubit quantum state |1)
Promise: |¢) is an eigenvector of U

Output:  An approximation to the number 6 € [0, 1] satisfying

Uly) = ™)

We can approximate 6 by a fraction:

0~ Y

for y € {0,1,...,2™ — 1}. This approximation is taken modulo 1.
Michal Belina (VSB-TUO)
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Warm-up: using the phase kickback

Given a circuit for U, we can create a circuit for a controlled-U operation:
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Warm-up: using the phase kickback II
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Warm-up: using the phase kickback III

1+ 627ri6 1— e27‘ri9
m = e (Fre 0+ 21
1 2730 |2 1 _ p2mif 2
po = ‘% = cos’(n0) p1 = ‘% = sin®(7)

Measuring the top qubit yields the outcomes 0 and 1 with these probabilities:

%

probability

0.2
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[terating the unitary operation

How can we learn more about 7 One possibility is to apply the controlled-U operation twice (or multiple
times):

Michal Belina (VSB-TUO)

4376



Two control qubits

=

e s S

1 1

[m1) = |¢) ®% > > larao)

ap=0a;=0

1 1

m2) = [9) ® 5 3 3 €7 asao)

ap=0a;=0
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Two control qubits

0 —{]

1
|
|
|
|
|
|
I

R e s

1 1
1 w
Ims) =) @5 >, D emnte jaa) M

ap=0a;=0
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Two control qubits

What can we learn about 6 from this state? Suppose we’re promised that § = ¥ for y € {0,1,2,3}. Can we
figure out which one it is?
Define a two-qubit state for each possibility:

1( TiZY
@)= 13 )
=0

1 1 1 1 1 ) 1 7
Do) = = [0) + = [1)+ = [2) + = ®) = = [0) + < [1) — = ]2) — =
D)= 20+ 2D HIE) 1) =S+ - 22—
1 1 1 1 1 ) 1 )
Do) = = [0) — = 1)+ = [2) — = —C -ty 2y
D)= L) - LD +IR - 218 8= 20— LD -2+ L)

These vectors are orthonormal—so they can be discriminated perfectly by a projective measurement.
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Two control qubits

Unitary Matrix Representation

—_
—_ = =
o~
|
—_
[
~

Inverse Operation

We can identify y by performing the inverse of V' and then a standard basis measurement:

v |Dy) = ‘y> (for every y € {07 1,2, 3}) (5)

Michal Belina (VSB-TUO)
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Two-qubit phase estimation

This matrix is associated with the discrete Fourier transform (for 4 dimensions). When we think about
this matrix as a unitary operation, we call it the quantum Fourier transform.

The complete circuit for learning y € {0, 1,2,3} when 6 = y/4:

o 1]
o 7]

l)

QFT}

—_—— ===
—_—— ===

o

Michal Belina (VSB-TUO) 49 /176



Two-qubit phase estimation

The outcome probabilities when we run the circuit, as a function of 6:

0.8 1
> —0
B 0.6
% —_—1
2 _—2
°
£ 0.4 3
0.2

0.25 0.5 0.75 1
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Quantum Fourier Transform

The quantum Fourier transform is defined for each positive integer N:

QFTy = 1NZ Ze””fle (vl

1
FT 627”1\7 x)

=0
1 /1 1
FrL-Zr o L) =H
1 1 1 1
QFT, = — |1 —1+iv/3 —1—iv/3
\/§ 1 —1—27: 3 —1-Ei\/§
2 2

Michal Belina (VSB-TUO)




Quantum Fourier Transform

The quantum Fourier transform is defined for each positive integer N as follows.

1 N—1N-1 ey
QFTy = —— e’V |z)(y|
N z=0 y=0
1 N-—1 oy
FT =—— 2N |z
QFTyls) = 7 3 & Fla)
1 1 1 1
111 7 -1 —1
QTu =311 1 1 1
1 - -1 7
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Quantum Fourier Transform

The quantum Fourier transform is defined for each positive integer N as follows.

1 N—-1N-1 ey 1 N—-1N-1
QFTy = Z Z ™ lz)(y| = —= wit |z) (y|
N z=0 y=0 N z=0 y=0

Useful shorthand notation:

Michal Belina (VSB-TUO)



Circuits for the QFT

We can implement QF Ty efficiently with a quantum circuit when N is a power of 2.
The implementation makes use of controlled-phase gates:

—_— ——— 1 0 0 O
01 0 O
P 001 0
0 0 0 e
0% % 3

Michal Belina (VSB-TUO)



Circuits for the QFT

Cost analysis
Let s;, denote the number of gates we need for m qubits.
@ For m =1, a single Hadamard gate is required.
@ For m > 2, these are the gates required:
e S;,_1 gates for the QFT on m — 1 qubits
e m — 1 controlled phase gates
e m — 1 swap gates
e 1 Hadamard gate

1 m=1
Sm =
Sm—1+2m—1 m>2
This is a recurrence relation with a closed-form solution:
m

i, = Z(Qkfl) =m?

k=1

Additional remarks:
@ The number of swap gates can be reduced.




Phase estimation procedure

The general phase-estimation procedure, for any choice of m:

o) ]
A
{7] 7

) +— U u? g —————

Warning

If we perform each U”-operation by repeating a controlled-U operation k times, increasing the number of
control qubits m comes at a high cost.
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Phase estimation procedure

The general phase-estimation procedure, for any choice of m:

o) {7
H

QFT}n

I

WJ) U U2 Ugm—l —

NEREe

m_12m—1

|7f>=\1/)>®f Z Z Are0mv2 ) (6)

om_1 2

1 2mia(0—y/2™)
=|am > e

=0

Michal Belina (VSB-TUO)



Phase estimation procedure

py = om

Best approximations

Suppose 3% is the best approximation
to 6:

< 27(m+1)

Y
P
’ 2 |3

Then the probability to measure y will be
relatively high:

4
Py 2 — ~ 0.405

om _q

Z 62772‘1(07@1/2"”)

z=0

2

Worse approximations
Suppose there’s a better approximation
to 6 between 5% and 6:

>2 "

1

Y
g — L
=5

Then the probability to measure y will be
relatively low:

A

Michal Belina (VSB-TUO)



Phase Estimation

To obtain an approximation 5% that is very likely to satisfy

y —m
0- 1| <2
‘ 2 |3

we can run the phase estimation procedure using m control qubits several times and take y to be the
mode of the outcomes.

(The eigenvector |¢) is unchanged by the procedure and can be reused as many times as needed.)

Michal Belina (VSB-TUO)
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The order-finding problem

For each positive integer N, we define

Zy ={0,1,...,N — 1}

For instance, Z1 = {0}, Z2 = {0, 1}, Zs = {0, 1,2}, and so on.

We can view arithmetic operations on Zy as being defined modulo N.
Example

Let N =7. We have 3 -5 = 15, which leaves a remainder of 1 when divided by 7.
This is often expressed like this:

3:-5=1 (mod 7)

We can also simply write 3 -5 = 1 when it’s clear we’re working in Zr.
The elements a € Zy that satisfy ged(a, N) = 1 are special.

Zn ={a € Zn : gcd(a, N) = 1}
Z51 ={1,2,4,5,8,10,11,13,16,17,19,20}

Michal Belina (VSB-TUO)



The order-finding problem

Fact

For every a € Z% there must exist a positive integer k such that a® = 1. The smallest such k is called the
order of a in Zx .

Example
For N = 21, these are the smallest powers for which this works:
I'=1 5 11°=1 17°=1

6:1
26=1 8=1 132=1 19°=1
42 =1 10°=1 163=1 20%2=1

Order-finding problem

Input: Positive integers a and N with ged(a, N) = 1.
Output: The smallest positive integer r such that a” =1 (mod N).

No efficient classical algorithm for this problem is known — an efficient algorithm for order-finding implies
an efficient algorithm for integer factorization.
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Order-finding by phase-estimation

To connect the order-finding problem to phase estimation, consider a system whose
classical state set is Zy.
For a given element a € Z%;, define an operation as follows:

M,|x) = |ax) (for each x € Zy)

This is a unitary operation—but only because ged(a, N) = 1!
Example

Let N =15 and a = 2. The operation M, has this action:

M3|0) = |0) M3|5) = [10)  M;|10) = |5)
Ma|1) = |2) M3|6) = [12)  M;|11) = |7)
M3|2) = |4) Ma|7) = [14)  Ma[12) = |9)
Ma[3) =[6)  M3[8) =[1)  M;|13) = [11)
Mald) = [8)  Ma[9) =3) Ma[l4) = [13)
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Order-finding by phase-estimation

To connect the order-finding problem to phase estimation, consider a system whose
classical state set is Zy.
For a given element a € Z};, define an operation as follows:

M,|x) = |ax) (for each x € Zy)

This is a unitary operation—but only because ged(a, N) = 1!
Main idea

The etgenvalues of M, are closely connected with the order of a.

By approximating certain eigenvalues with enough precision using phase estimation, we’ll
be able to compute the order.
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Eigenvectors and eigenvalues

This is an eigenvector of M,:

|vbo) = 7
The associated eigenvalue is 1:
@) +1a®) +---+]a") _ la)+---+]a"7) +]1)
Ma ‘w()> =S =
VT VT
To identify more eigenvectors, first recall that
Wy = 62772'/7‘

This is another eigenvector of M,:
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Eigenvectors and eigenvalues

) +witja?) + -+ wr " a")

Malhr) =
= w"H) + |a> er,,fl\aQ) + ...+ w;(T*2)|aT*1>
\/;

1) + wita) + wi2[a?) 4 - - - + wr TV e
= W
VT

= wyr|th1)

Additional eigenvectors can be identified by similar reasoning...
For each j € {0,...,r — 1}, this is an eigenvector of Mag:

|1> er:j\a) dk oo +w:j(7"*1)|ar—1>
NG
Mal) = wil;)

[v;) =
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A convenient eigenvector

|1> —|—w;1‘a> + .. _’_w;(r*l)larfl)
Jr
Malthr) = wrltn) = €277 ghr)

[v1) =

Suppose we’re given [¢1) as a quantum state. We can attempt to learn r as follows:

@ Perform phase estimation on the state |11) and a quantum circuit implementing M,. The outcome is
an approximation y/2™ & 1/r.

@ Output 2™ /y rounded to the nearest integer:

(5)=15+3)
round ( — | = [— + =
Yy y 2

How much precision do we need to correctly determine r?

. m — 0o
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A random eigenvector

|1)+w;j\a>+---+w:j(r_l)|ar_1>
VT

Malg) = wily;) = ™% ;)

[v;) =

Suppose we're given [i;) as a quantum state for a random choice of j € {0,...,r —1}. We can attempt to learn
j/r as follows:

@ Perform phase estimation on the state [1;) and a quantum circuit implementing M,. The outcome is an
approximation y/2™ = j/r.
© Among the fractions u/v in lowest terms satisfying u,v € {0,..., N — 1} and v # 0, output the one closest to
y/2™. This can be done efficiently using the continued fraction algorithm.
How much precision do we need to correctly determine u/v = j/r?

y J

2 m r

1 u g
- = - =<
— 2N?2

Choosing m = 2log(N) + 1 for phase estimation makes such an approximation likely.
We might get unlucky: j could have common factors with r.
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A random eigenvector

= D Hwla) + - 4w
"= VT

M) = wiliy) = 7% ;)

Suppose we're given [¢;) as a quantum state for a random choice of j € {0,...,r — 1}. We can attempt
to learn j/r as follows:
@ Perform phase estimation on the state |1;) and a quantum circuit implementing M,. The outcome is
an approximation y/2™ =& j/r.
© Among the fractions u/v in lowest terms satisfying u,v € {0,..., N — 1} and v # 0, output the one
closest to y/2™. This can be done efficiently using the continued fraction algorithm.

How much precision do we need to correctly determine u/v = j/r?

Yy _J 1 u_J
= = & = _ = =
e 2N? v o
If we can draw independent samples, for j € {0,...,r — 1} is chosen uniformly, we can recover r with

high probability by computing the least common multiple of the values of v we observed.
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Implementation

To find the order of a € Z7};, we apply phase estimation to the operation M,. Let’s measure the cost as a function
of n =I1g(N).

n o

Cost for each controlled unitary

We can implement M, at cost O(n?).

We need to implement M]; for each k =1,2,4,8,...,2™~ 1. Each /Vl]; can be implemented as follows:
@ Compute b= a* mod N.
@ Use a circuit for Mpy.

The cost to implement M = MPE is O(n?).
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Implementation

To find the order of a € Z}, we apply phase estimation to the operation M,. Let’s measure the cost as a
function of n = Ig(N).

a
7

Cost for phase estimation

@ m Hadamard gates: cost O(n)

@ m controlled unitary operations: cost O(n®)

@ Quantum Fourier transform: cost O(n?)
Total cost: O(n®)
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Implementation

&
&
a8

Remaining issue: getting one of the eigenvectors [¢o), ..., [thr—1).
Solution: replace the eigenvector |¢) with the state |1).
This works because of the following equation:

1y o) )
Jr
The outcome is the same as if we chose j € {0,1,...,7 — 1} uniformly and used, |¢) = |1, )-
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Factoring through order-finding

The following method succeeds in finding a factor of N with probability at least 1/2, provided N is odd and not a
prime power.

Factor-finding method

@ Choose a € {2,...,N — 1} at random.

© Compute d = gcd(a, N). If d > 2, then output d and stop.

© Compute the order r of a modulo N.

@ If r is even, then compute d = gcd(a’“/2 —1,N). If d > 2, output d and stop.
@ If this step is reached, the method has failed.

Main idea
@ By the definition of the order, we know that
a"=1 (mod N) <= N dividesa”" —1

@ If r is even, then
a" —1=(a"?+1)(a’/?—1)

Each prime dividing N must therefore divide either (a”/2 + 1) or (a”/2 — 1).
For a random a, at least one of the prime factors of N is likely to divide (a”/2 — 1).
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Q&A and Closing the day

Thank you for your attention
Thanks to the IBM Quantum for great learning materials.

Michal Belina (VSB-TUO)



	Day 2
	Grover’s algorithm
	Quantum Fourier Transform
	Quantum Phase Estimation
	Shor’s algorithm
	Q&A and Closing the event


