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GW in productions:
algorithms and approximations
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Study of electronic spectroscopy is conceptually
limited with DFT:

* band gap problem

* QP underestimated compared to experiments

GW calculations: very close to experiments
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many-bod

Study of electronic spectroscopy is conceptually
limited with DFT:

* band gap problem
* QP underestimated compared to experiments

GW calculations: very close to experiments

Energy relative to VBM (eV)
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Study of electronic spectroscopy is conceptually
limited with DFT:

* band gap problem

* QP underestimated compared to experiments

3
GW calculations: very close to experiments >
/ ]‘ ! E
Alr,r',w) = —Im G(r,r',w) sgn(Fp — w) 2
(s
(ry,t5) (ry,%,)
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Study of electronic spectroscopy is conceptually
limited with DFT:

* band gap problem

* QP underestimated compared to experiments

3
GW calculations: very close to experiments >
, 1 2
A(r,r',w) = —Im sgn(Ep — w) 2
(s
(ry,t5) (ry,%,)
@ O
o O
(r,t) (r,t)
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Hedin s equations to GW_

Hedin’s The GW approximation

Starting point:
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Hedin s equations to GW_

Hedin’s The GW approximation

Starting point:
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...........

Quasiparticles

DFT:

G =Gy + GG

The self-energy can be seen as a frequency-dependent potential.
The QP satisfy a pseudo-KS Hamiltonian:

ﬁKST,an + (Enk(Enk) — ’ch)?,bnk — Enkwnk
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usiparticles o

DFT:
G = Go+ GoxG

The self-energy can be seen as a frequency-dependent potential.
The QP satisfy a pseudo-KS Hamiltonian:

ﬁKSwnk T (Enk(Enk) o ’Ua:c)wnk — Enkwnk

(a) 16 12 08 04 00 04 08 12 16 20 1.3 15 1.7 1.9

0
G,W,: 2]
The QP and KS wavefunctions are taken the same: s oy
KS gz 1.3 15 1,?‘ 1.9 ;D
U ie(r) = @R () v
S B 5
KS KS KS & g 8
Enk — &k <(10nk |Z(Enk) o ,UII?C‘(pnk > : N

16 1.2 08 04 00 04 08 12 16 20 76 5 4 3 2 1
Wave vector k& Il 1(1;’};} Binding energy (eV)

A. Varykhalov, PRX 2, 041017(2012)



(2) xo = —iGoG -

(RPA approximation)

(3) W:v_l_UXOW MWW = — — — + __
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Basis set representation

Plane waves {e!6T} Kohn-Sham states {@; }
> Xo xo0,¢.c (q, w) X0,i,5 (W)
v v(q+G) vi
oo T/ We.c (a,w) Wi (@)
—  Go Go,c,q'(q,w) Go,i(w)di,;

O 2 Ya,c(q,w) i (w)

N.B. crystal = i = nk Change of base: p; ; (q, G) = (gonk|ei(q+G)'r|90mkI>
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Basis set representation

Plane waves {e!6T} Kohn-Sham states {@; }
> Xo xo0,¢.c (q, w) X0,i,5 (W)
v v(q+G) vi
oo T/ We.c (a,w) Wi (@)
—  Go Go,c,q'(q,w) Go,i(w)di,;

GW,:
O 2 Ya,c(q,w) Yij(w) (3i(w)di;)

N.B. crystal = i = nk Change of base: p; ; (q, G) = (gonk|ei(q+G)'r|90mkI>
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Basis set representation

Plane waves {e'¢T} Kohn-Sham states {¢;}

X0,G,G’ (qa w)
v(q+ G)

Wa,a(q,w)
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reducible polarizability

Pck

O Xo = —tGoGo

(pvk—q

1 1
X0,G,G’ qa 22] 3)0(3“1)1{ qa pcfuk(qi G,)[ A

WtEvk—q—Eck T W FEck—Evktq— 1]
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...........

reducible polarizability

Pck

(pvk—q

1 1

"q,w =2 — cv aG . 7G, B
Xo,GG( ) Zf 71_3)0 k(a, G)pik(a )[w+6vk—q—50k‘|‘i” W +Eck —Evktq— 1

Convergence: Ne = Ecut  #= N
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reducible polarizabilty

Pck

Prk—q
dk , 1 1
e (@) =2Y [ Al Glinla ) . |
i o UZ,C BZ(27T)3 Cv ) cv ? W ‘|‘5vk—q_5ck‘|‘m W "‘Eck_gvk—l-q—"”]
4 )
N¢ = 10% — 10°
Very computational demanding, number of operations scales as: N, xNg2 x N2 x N, N. ~ 102
e
Nk ~ 102

Convergence: Ne = Ecut  #= N \ j
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cened W

Reducible polarizability:

~1
e (@w)= ) [be.ar - xoaer(@wla+G")] xoara(qw)
GH
Inverse dielectric function:

Eé‘;g (q7 OJ) — 5G,G' + U(q + G)XG,G’ (qa CU)

Screened interaction:
Wgﬁ’ (qa UJ) — EE}%G’ (qa w)fv(q + G)
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Frequency dependence of W

...........

WG,G’ (qa w) — 6(_3‘,?(}’ (qa (U)'U(q T G)

X0 and W share the same frequency dependence:
they feature poles at the transition energies: QX5 = AeKS — 0 F
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Wa o (q,w)= g a(a,w)v(a + G)

X0 and W share the same frequency dependence:
they feature poles at the transition energies: QX5 = AeKS — 0 F

Single-particle transitions Collective transitions
\l“.“ —
Q1,Q2, Q3 . Q
Only most relevant
Ny —_— poles included
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Frequency dependence of W: the -~

The plasmon pole approximation (PPA) provides an effective
frequency-representation of W

1

\\. _’/ y. X
. V4 o?
W % ; l
v ‘ ~
0 3 10 S 20 EleV) 25

J. Stiebling, Z. Physik
B 31,355-357 (1978)

xxxxxxxxxx
uuuuuuuuu



ruency of _ te PA .

The plasmon pole approximation (PPA) provides an effective 4’__ _
frequency-representation of W | Si
—~—— I E’l
\’,.-\_/ |
S| = . i
| Oy 2t
Qo | : EELS(w) x =S L
| .
| | ! ; N\
W % 5 10 520 E(eV)AZb
4 ) J. Stiebling, Z. Physik
( ™ Godby and Needs, 1989 0 B 31,355-357 (1978)
Hybertsen and Louie, 1986 o
: —1 GN OGNy . X77(0) = X(0)
PPA applied to all € &/ (q,w) (R, Q70 {XGN@%) — X(iw)
. J

\_ Default: w,=0, w,=i 1Ha y
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rueny of _ her meto

Other methods to describe the frequency dependence are
available in Yambo: R

W
—
« Multipole approximation (MPA) E B 0 0 O
extension of PPA, various collective excitations & 1) 362, 353,...
"'*'--..i__:_ =_: :.‘__...--
* Real axis integration (FF) \——r/
describe all single-particle transitions ~ -
100 T I —
— 801 : = — II:"II:"A
¥
: i
s |
E \
! \

Guandalini et al. Phys Rev. B
109, 075120 (2024)
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rueny of W: other meto

Other methods to describe the frequency dependence are

available in Yambo: ""fv——*—"
——
« Multipole approximation (MPA) E B 0. 0b O
extension of PPA, various collective excitations & 1) 222, 223,
"'*'--..i__:_ =_: :.‘__...--
« Real axis integration (FF) \——r/
describe all single-particle transitions ~ -
100 i I —
_ BD 1 I = - = PPA é R
5] : : Keep in mind
v ! | Computational cost o< N(w)!
g " \ Q J
' \
0+

T 7~ Guandalini et al. Phys Rev. B

5
w(ev) 109, 075120 (2024)
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3o\, self-energy

...........
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...........

sel-energy

n.k , ? n.k

du’ dq N 1rrnnk /
Yok(w) = — > I(Qw)3 Z Go,mk—q(w + W )WiS _q(W')

1 —
Go,mk(w) = Jimie + Jmie Double integral in momentum and frequency

W—Emk — 1N W+Emk+ 17

Wvﬁrﬁfk—q(qa (U) — Z p:’lmk(q + G)WGG' (q7 w)pnmk(q + G,)
GG’
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n.k , ? n.k

W=v4+WF°

e dw’

J 2mi J (27)

c rdw' dq / c,nnk /
nk(w) - J ori o (271')3 Z GU,mk—Q(w T W )Wmmk—q(w )
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sel-energy

n.k , ? n.k

Enk( ) Emk + E

W=v+WF¢
dq

2
U(q + G) ‘ank(q + G)‘ Analytical espression provided
by the method used

d .
e (@ Z Z f q3 Prmk (@ + G)Wéa (A, w)prmi(d + G) (PPA forinstance)
m GG’
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seli-energy: PPA

n.k | | n,k
Ynk(w) = X0, + X0k
W=v+W°

Sa=- L% [Gapta+ Glaa+ GF

o plasmon residue
dq Prmk(d+ G)Rea () prmk(q + G)

Yok (w) = ; (;, j(Qﬂ)S w+ [Qace(q) +in]sgn(p — emk—q) — Emk—q
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seli-energy: PPA

n.k | ' n.k

Ynk(w) = Xjg + Xk
. C
w=ut W Convergence:

57 = —ZZI A v(a+ G)lpuada+ G "

pnmk(q + G)RGG’ (Q)ank(q + G,) e Ecut

EC
(@ Zm: (; j Sw+ Qcar(q) +inlsgn(p — emk—q) — Emk—q e N
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The k-point requirements in GW usually traces to the o S D B . B B S B —
long-range interaction: e e I/rinteraction | -
3.6 A a—a truncated interaction | —
(r1 —ral) = — S ok :
v(|ry —r2|) = —— > 32 N
r; — 1o T 32p -
& 3 =
& 3r .
2D systems are particularly critical 1 #C =
2.6 s
! 24 -
3 22f =
, 1 | ! | ! l ]
1 - 10 20 30 40 50

s/ Truncated Coulomb potential: Number of k points

- Slab (g, ) = O(L/2 —|z1 — 22])  Huser F. et al. Phys. Rev. B 88, 245309 (2013)
r; —ro
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The k-point convergence

Improved treatments of the Coulomb potential are

: . J BZ
available in Yambo:

V-average method: _
Guandalini et al. npj

Comput. Mat. 9, 44

« Regularises the q—0 limit of the Coulomb potential (2023)

 Itacts on the whole of ¥,
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gence

K-point conver

Improved treatments of the Coulomb potential are
available in Yambo:

BZ

V-average method:
Guandalini et al. npj
Comput. Mat. 9, 44

« Regularises the g—0 limit of the Coulomb potential (2023)

 Itacts on the whole of ¥,

W-average method:
» Regularises the q—0 limit of the screened Coulomb potential

- It acts just inside X, , suggested for the cases where 8_1is

not piecewise linear in q

0.0 0.1 0.2 0.3

—+—-G=(0,0,0) --G=(0,0,1) —e G=(1,0,0)
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to calculate UPs

G =Gy + Go2xG
Quasi-particles’ energies determined self-consistently:
Enk = Epk T <§0nk’E(Enk) — ch‘@nk)

Linearization enforced (Newton’s method):

Enk = Epk T "me%(@nk‘Rez(gnk) — {U:I:c|(,0nk>
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o to calcula

G =Gy + GG

Quasi-particles’ energies determined self-consistently: Renormalization factors
AT AT P

Enk = Epk T <§0nk’E(Enk) — ch‘@nk) i d ReY K 11
n
an — — d
. . . , . W W=&nk
Linearization enforced (Newton’s method): - -

by finite differences with Aw = 0.1 eV
Enk = enk + Znk(@nk|ReX(enk) — Vuc|pnk) (Z evaluated at 2 frequencies)
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fnk + 1_fnk
w_enk_in w+5nk+7:77

DFT: {€nk}, {¥nk} Go.nk(w) =

1
xa,e (W)=Y [ee —xoea(@wvla+ G xoere(aw)
G/l

cea(aw)=lae +v(a+Gxece(aw) Wealqw)=egql(qwv(q+G)

dq

(q + G)' Enk =Enk + an(@nk‘ReE(gnk) — 'U:Ec|sonk>

= =22 [

@ =" dq
2nk / 3 pnmk(q + G)WGG (qa )pnmk(q + G’ )
m GG’

1 1
"q, =2 cv ’ 7Gl i )
l X0,G,6' (Q, W Z/ 3/9 k(4 G)pekld )LJ +epk—q—Eck TN W +5ck—€vk+q_“7]
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fnk + 1_fnk
w_enk_in w+5nk+7:77

DFT: {&nic}, {¥rn} Go,nk(w) =

1
xa,e (W)=Y [ee —xoea(@wvla+ G xoere(aw)
G/l

cea(aw)=lae +v(a+Gxece(aw) Wealqw)=egql(qwv(q+G)

dq

(q + G)' Enk =Enk + an(@nk‘ReE(gnk) — rU:I:c|S0nk>

= =22 [

@ =" dq
2nk / 3 pnmk(q + G)WGG (qa )pnmk(q + G’ )
m GG’

1 1
"q, =2 cv ’ 7Gl i )
l X0,G,6' (Q, W Z/ 3/9 k(4 G)pekld )LJ +epk—q—Eck TN W +5ck—€vk+q_m]

xxxxxxxxxx
aaaaaaaaa



Conclusions

Approximations used:

. GoWo
GW+RPA screening (No self-consistency)
Plasmon pole Newton’s solution
approximation (PPA) for the QPs
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