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Krylov subspace methods

Given A and b, the mth Krylov subspace is defined
K (A,b) = span {b, Ab, ..., A" 'b} .
Thus, u € K,,,(A4, b) is such that
u =p(A)b

where p(z) is a polynomial of degp < m.

The basis {b, Ab, ... ,A’”’lb} is called a Krylov basis and a
matrix with Krylov basis as columns is called a Krylov matrix,

Km = [b Alp coo Am—lb] c R7*m
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Krylov subspace methods

We focus on solving linear systems:

A(:L‘()—i-t):b <~ At=b—- Axyg =1

o Choose x,, = g + t,,. Let r,,, = rog — At,,.
e GMRES ! : t,, = arg Milgeic, (4,r0) [0 — At|
— This is equivalent to r,, L AK,,(A,ro)

e FOM 2 : 7, L K,,(A,10)

LGeneralized Minimum Residual Method
2Full Orthogonalization Method
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Basis construction for optimal Krylov methods

o The Krylov basis becomes numerically dependent rapidly
e The Arnoldi process iteratively builds an orthonormal basis?

oV, = [Ul, e Um] € R™ ™ has this basis as columns

AVTm - TrL+1HrrL - VTmHm + Oé'Uerleg@a where Hm, € R(erl)Xm
and H,, € R™*"™ are upper-Hessenberg.

“em is the mth canonical basis vector

o GMRES: y,, = arg minycgm H&y — [|7oll €1H2
e FOM: Hmym = ”To” €]

3 A Gram-Schmidt-type process in which one orthogonalizes after each
application of the operator A
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1at is this “Hessenberg” you speak of?

o o o o o
e 6 o o [ J
e o o [ ]
H,, = e o ® ER(m—&-l)Xm
([
[ ]

o Upper triangular plus one sub-diagonal

e Sub-diagonal entries non-negative (normalization
coefficients from Gram-Schmidt)
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A bit more about building the Arnoldi basis

An underlying partial factorization

o Arnoldi process builds the QR-factorization

b e ®
o
[ ]

b AVi] = Vi € R(m+1D)x(m+1)

o Let Hy = QmRm, then Wi, = Vi1 1@y 1s an orthonormal
basis for AK,,

e We have access to bases for K,,(A,b) and AK,,(A,b) at
low cost
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Relevant Krylov convergence results
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Eigenvalue approximation - Ritz values

Krylov subspace projection methods are often used to estimate
eigenvalues and eigenvectors

e Ritz: VI (AV,,y — oV;,y) = 0 yields eigenpairs of H,,

Implicit assumption: Ritz values quickly become good
approximations to eigenvalues
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Admissible and attainable convergence of
GMRES
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1at governs convergence of Krylov iterative solvers?

@ Decomposition of r( in the eigenbasis since
T = Zq(N)Z 7 1

e A normal — eigenvalues/interpolation govern general
behavior, as indicated by the bound

lrmll < llroll min - max “q(As)]
degg<m 3=1,2,....n
q(0)=1

@ A non-normal — more complicated; eigenvalues seem to play
a role, but what about eigenvectors?

—1 . )
[Pl < 1211127 lIroll S ()|
q(0)=1
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Highly
Non-normal

Normal

Matrices

Matrices

Eigenvalues strongly Eigenvalues completely
related to convergence un-related to convergence

Soodhalter i 0 e cation framework



Must eigenvalues play some role in GMRES convergence

This is an important question because often assumed true
@ Seems to be the case for many problems

o Convergence theories and preconditioning strategies often
based on eigenvalue distribution

o Finally, it was proven false; eigenvalues can be completely
divorced from convergence behavior
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ANY NONINCREASING CONVERGENCE CURVE IS POSSIBLE
FOR GMRES*

ANNE GREENBAUM!, VLASTIMIL PTAK!, AND ZDENEK STRAKOS!

Abstract. Given a i ing positive f(0) > f1) > -+ > f(n—1) >0, it is
shown that there exists an n by n matrix A and a vector r0 with [|r0] = f(lJ) such that f(k) = ||7¥||,
k=1,...,n — 1, where r* is the residual at step k of the GMRES algorithm applied to the linear
system Az = b, with initial residual 70 = b — Az®. Moreover, the matrix A can be chosen to have
any desired eigenvalues.
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Any residual convergence curve possible

SIAM J. MATRIX ANAL. AP @© 1996 Society for Industrial and Applied Mathematics
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ANY NONINCREASING CONVERGENCE CURVE IS POSSIBLE
FOR GMRES*

ANNE GREENBAUM!, VLASTIMIL PTAK!, AND ZDENEK STRAKOS!

Abstract. Given a nonincreasing positive sequence f(O) > f1)>--> f(n—-1) >0, it is
shown that there exists an n by n matrix A and a vector r0 with ||r°|| = j(lJ) such that f(k) = ||7¥||,
k=1,..., n — 1, where r* is the residual at step k of the GMRES algorithm applied to the linear
system Az = b, with initial residual 7 = b — Az°. Moreover, the matrix A can be chosen to have
any desired eigenvalues.

o GMRES residual norms always non-increasing

e Given such a sequence f(0) > f(1) >---> f(n—1) >0,

o There exist A € R™"™ and r( such that GMRES for At = rg
has residuals with ||r|| = f(k) for all k.

@ A can be constructed to have any eigenvalues.

Subsequent works refined results/language clarifying presentation
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Aside: the friendly companion matrix

Recall that we can associate to the characteristic polynomial

the companion matrix

A and C have the same eigenvalues with multiplicity
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n—1

pa(z) =det(z] — A) = 2" — Zcizi,

1=0
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Going full Hessenberg (factorization)

e Arnoldi constructs partial orthogonal Hessenberg
factorization of A

e Carried to step n — 1 generically produces full factorization
A=VHVT
o H is similar to A
e Krylov companion matrix relation (K, =: K; V,, =: V;
H,=:H):
AK = KC <= A=KCK™!
@ QR-factorization:

K=V DU = A=V DUCU 'D 'y*
e —
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Scaled diagonal QR-factorization

We introduced the QR-factorization: K = VDU
—~ =

Q R
o We scale the rows of R so that U has unit diagonal

o D is diagonal and stores the row scalings

e U is upper triangular with unit diagonal = so is U~!

1 c(()l) 052) C((J3) e c(()n_l)_
0 1 (352) ng) e an—l)
. 0 O 1 cgg) cgl b
0 0 0 1 :
: : : : - 051”__21)
0 0 0 0 O 1]
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N ~) k ) N rr N i
Specifying convergence — n° + n degrees of freedom

We frame as an argument about degrees of freedom (D.0.F.)
e Ahasn?D.o.F.
o n eigenvalues (with multiplicity)
o V (n orthonormal Arnoldi vectors) from orthogonal
matrices with n(n — 1)/2 degrees of freedom
o Ritz values at every iteration (except n-th)?:

14+243+---+n—1=n(n—-1)/2,

en+2-nn—-1)/2=n+n?—n=n?
e rg hasn D.o.F.

e an admissible sequence of n residual norms

drestriction: stagnation <= zero Ritz values
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Any admissible convergence curve with any eigenvalues

Proving the theorem constructively by using the decomposition

A=VDUCU ‘D~ lv*,

Assign eigenvalues — via fixing coefficients ¢; in C

(]

Assign all Ritz values — m-th Ritz vals are eigenvalues of
H’nl

. (m+1) m—2 1
o coefficients §¢; from U™ defines char. poly. of
i=0

7=
m

e I/ can be chosen arbitrarily

o rg = VDUe; determined by n diagonal entries of D

Remark (something is missing...)

How do we use Ty to specify convergence?
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Specifying convergence by building 7

Representation 7o = V DUe; does not describe convergence
e Recall r,, L AK,,(A,10)
e Let {wy,ws,..., w,} be orthonormal basis for R"
@ span{wi,ws,...,wy} = AKX, (A, o) for all m <n
@ Projection method:
ro = i hiwi = =310 hiw;

e Successive residual norm relation: |h;|2 = ||rp_1[|* — [|7& /|

Specify convergence implicitly

Use hi, ho, ..., h, as final n degrees of freedom; choose with “cor-
rect” absolute values
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Connection to Frobenius normal form

This construction is a special case of the Frobenius normal form
o A=SCS!
o S generated by a repeated multiplication of a vector by A
o If invariant subspace reached, continue with vector in
complement
o C block diagonal: companion matrices of minimal
polynomial for each cyclic subspace
o If GMRES takes all n steps, normal form starting with rg
yields C = C and S =V DU
o [f invariant subspace reached, GMRES converges. Rest of
normal form plays no role °

Scorresponding to early convergence specification [Tebbens and Meurant
2014]
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KRYLOV SEQUENCES OF MAXIMAL LENGTH
AND CONVERGENCE OF GMRES *

M. ARIOLI', V. PTAK? and Z. STRAKOS®

'IAN CNR, Via Abbiategrasso 209, 27100 Pavia, Italy
email: arioli@dragon.ian.pv.cnr.it
2ICS AS CR, Pod Voddrenskou vé# 2, 182 07 Praha 8, Czech Republic

email: ptak@math. ca: cas.

Abstract.

In most practical cases, the convergence of the GMRES method applied to a linear
algebraic system Az = b is determined by the distribution of eigenvalues of A. In
theory, however, the infc ion about the eig lues alone is not sufficient for de-
termining the convergence. In this paper the previous work of Greenbaum et al. is
extended in the following direction. It is given a complete parametrization of the set
of all pairs {4, b} for which GMRES(A, b) generates the prescribed convergence curve
while the matrix A has the prescribed eigenvalues. Moreover, a characterization of the
right hand sides b for which the GMRES(A, b) converges exactly in m steps, where m
is the degree of the minimal polynomial of A4, is given.

o AK,,(A,rg) basis: parameterization A = WRCR1W*
@ R is upper-triangular
o Right-hand side ro = Wh
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Usefulness/limitations of attainable convergence result

Usefulness:
@ Shows eigenvalues not fully descriptive for convergence
@ Shows mechanics of GMRES convergence
o Ritz eigenvalue estimates can be arbitrarily bad
Limitations:

e Pathological cases unrelated to application problems
@ Describes residual norm convergence result

e errors still are connected to eigenvalues
o Construction is numerically unstable

e non-trivial demonstrations difficult
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Extension to restarted GMRES
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tarted GMRES

GMRES has practical computational constraints
@ Arnoldi vectors may fill memory

o Computational cost increases with each iteration

Mitigation: restarting

After m iterations, discard Arnoldi vectors and set

T Ty = T + tm

Y i = ) — Al

Thereafter apply another cycle of GMRES iterations. Restart as
necessary until convergence.
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Using theory to build and link restart c

Numerical Algorithms (2020) 84:1329-1352
https://doi.org/10.1007/511075-019-00846-z
ORIGINAL PAPER

On the residual norms, the Ritz values
and the harmonic Ritz values that can be generated
by restarted GMRES

Jurjen Duintjer Tebbens'2 @ . Gérard Meurant?

Received: 24 July 2019 / Accepted: 5 November 2019/ Published online: 12 December 2019
© Springer Science+Business Media, LLC, part of Springer Nature 2019

o Each GMRES cycle specified using existing theory

Link cycles together via passing final residual

End-of-cycle stagnation restricts admissible convergence

Assumes convergence at nth iteration
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Admissible convergence behavior for restarted GMRES

o Restarted GMRES norms always non-increasing

e Arbitrary non-increasing residual norms as long as

S Y L B S

i=2,3,...,end (the cycle number)

o End-of-cycle stagnating iterations mirrored after restart,

B3 D o fD 2 g

Y

— New proofs of this and other results in [S. 2026]
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Building a restarted GMRES factorization

o Specifying restarted GMRES convergence history specifies A

o Non-orthogonal basis of restarted Arnoldi vectors

V= v ve ..y
AV = [y yktle ]

o If final iteration specified to converge, then

e

AV =V

=H

o Fully determines A, specifies eigenvalues and all Ritz values

Soodhalter - HPCSE 2026 - Applications of GMREs convergence specification framework



Specifying behavior of restarted GMRES at iteration n

o Restarted GMRES may not converge at nth iteration

o This can be specified at a cost: we cannot specify eigen-
and Ritz values

If restarted GMRES is specified to not converge at iteration n,
then it follows

AV =V | H+ cel
HV/—/

=u/5l(®)

where for u = Ve # 0, AV® = [V(f) u O3

Soodhalter - HPCSE 2026 - Applications of GMREsS convergence specification framework



Extension to block GMRES

Soodhalter - > - Applications of GMRES convergence specification framework



ADMISSIBLE AND ATTAINABLE CONVERGENCE BEHAVIOR
OF BLOCK ARNOLDI AND GMRES*

MARIE KUBINOVA! AND KIRK M. SOODHALTER!

The second author would like to dedicate this work to the late Richard Timoney, who
was very generous with his time in explaining the basics of *-algebras to an
uninitiated new colleague

Abstract. It is well-established that any nonincreasing convergence curve is possible for
GMRES and a family of pairs (A,b) can be constructed for which GMRES exhibits a given con-
vergence curve with A having arbitrary spectrum. No analogue of this result has been established
for block GMRES, wherein multiple right-hand sides are considered. By reframing the problem as a
single linear system over a ring of square matrices, we develop convergence results for block Arnoldi
and block GMRES. In particular, we show what convergence behavior is admissible for block GMRES
and how the matrices and right-hand sides producing any admissible behavior can be constructed.
Moreover, we show that the convergence of the block Arnoldi method for eigenvalue approximation
can be almost fully independent of the convergence of block GMRES for the same coefficient matrix
and the same starting vectors.

Extends case to solving AX = B € C"*¢
BL-GMRES works on n X s “vectors” with s x s “scalars”
Uses one-sided vector space with *-algebra scalars®
Assume W.L.0.G. that n = Ns

SFollowing [Frommer et al 2017]

oodhalter
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Block Krylov subspaces and *-algebra

Salient points:

@ positive scalars (normalizing quantities): upper-triangular
matrices with positive diagonal
normalization: economy QR-factorization Z = VR
block norm: |||Z]|| = R
block inner product: V,W € SV: ((V , W)) == W*V.
absolute value: |S| := cHOLU(S*S)

normalizing quantities are partially ordered i.e.,

e 6 o o

Ry < Ry — RTRl = R;RQ,
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Attaining admissible BL-GMRES convergence behavior

This perspective allows for definition of admissible behavior.

Admissible BL-GMRES convergence [Kubinové, S. 2020)|

A sequence of normalizing quantities {F;} is admissible if and
only if

Fh>Fh2>--->2F,

o We can construct A, B attaining this behavior via
A=VDUCU'DIV* and B =VEF,

e Allows for specification of eigenvalues, Ritz values (usually)
independent of convergence
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Highlights of this construction

A=VDUCU'D'V* and B =VE F,
N———
H

@ H - block upper Hessenberg
@ Block companion matrix allows assignment of eigenvalues

0 0 ... 0 Co

I 0 ... 0 Ch
c—lo 1 0 G

0 0 I Cn,fl

e ! - block upper triangular, unit diagonal, allows for
assignment of Ritz values

e Stagnation restrictions freedom in assigning Ritz values
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Block stagnation

o Totally stagnation: X,, = X1
o Partial stagnation w.r.t. w: X,, # X,,—1 but
Xpu=Xp 1u

BL-GMRES stagnation and residual partial ordering [S. 2026|

There is no stagnation w.r.t. to any direction if and only if the

residuals satisfy

B[] < [|| 1]l
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Extension to restarted BL-GMRES enabled
by *-algebra framework
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Using theory to build and link restart cycles

This work comes from [S. 2026, Numer. Alg.]
o Each BL-GMRES cycle specified using existing theory
o Link cycles together via passing final block residual
o End-of-cycle stagnation restricts admissible convergence
@ Begin by assuming convergence at nth iteration, then relax
this restriction
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Admissible convergence behavior for restarted BL-GMRES

o Restarted BL-GMRES block norms always “non-increasing”

o Arbitrary non-increasing residual norms as long as

V> RV > BTV R > > )

me1
i=2,3,...,end (the cycle number)

o End-of-cycle stagnating iterations w.r.t. u mirrored after
restart,

w (R, R ) )u=w ((RY R u

— w (R R ) u = w ((RETD, RO ) ),
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Building a restarted BL-GMRES factorization

o Specifying restarted BL-GMRES convergence history
specifies A
o Non-orthogonal basis of restarted Arnoldi vectors

y=[yh y& ... p@]
APk — [v(k:) v(k+1)E1] HF)

o If final iteration specified to converge, then

()
L)
(-1

4
L Hg\/l)xM_

=H
o Fully determines A, specifies eigenvalues and all Ritz values

Soodhalter - HPCSE 2026 - Applications of GMREs convergence specification framework



Specifying non-convergence of at iteration N
I ymg g

o Restarted BL-GMRES may not converge at Nth iteration
o This can be specified at a cost: we cannot specify eigen-
and Ritz values
Lemma from [S. 2026]

If restarted BL-GMRES is specified to not converge at iteration
N, then it follows

AV =V |H+CE% |,
—_———

=H(C)

where for U = VC £0, AV = [V(g) U] HO.
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Flipping the script

Using the framework to better understand
GMRES convergence for Toeplitz systems

Joint work with Jerry Chen (Univ. Galway)
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Toeplitz degrees of freedom and spectrum

ao a—1 Q-2 CL(nfl)_
al ao a_—1
a2 aq
Bn - ’
a—1q a—2
al ap a—1
Lan—1 ce ce az ai ap |

We have 2n — 14+ n D.o.F. Unanswered questions:
N—— N~~~
B R-n.S
o Can we to assign GMRES behavior? Spectral quantities?
o How determinative are eigenvalues for convergence?

@ Are there families exhibiting the same convergence?

Soodhalter - HPCSE 2026
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Convergence results on GMRES for Toeplitz problems

Much work done in this direction

o Toeplitz symbol; e. g. Garoni and Serra-Capizzano and
refs therein

e Field of values analysis; e. g. [Abu-Labdeh and Pestana
2025]

o Pseudo-spectral analysis; e. g. Trefethen and Embree
and refs therein

e Eigenvalue clustering/grouping; e. g. [Campbell et al
1996]

e Eigenvector conditioning; e.g. [Liesen and Strako$ 2004]

e Best-case/worst-case behavior characterization; e. g.
|Li and Zhang 2009|
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Much work considers tridiagonal case

a ¢
bac
bac
. - t=r17g
b ac
b ac
b a

e 3D.0.F.in Aand n D.0.F. in rq

e eigenvalues and eigenvectors in terms of triplet (a, b, ¢):

((b/c)j/2 sin (nwfl»]

1 D.o.F.

n

/\ia+2\/%cos( z7r1> and z;

2D.o.F.
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What leeway do we have?

e Two D.o.F. determining eigenvalues (in a constrained way).

@ One D.o.F. determining eigenvectors (and thus normality)

Eigenvalue/vector specification is highly proscribed

Specifying {|r;||}, still requires n D.0.F.

o A is tridiagonal and Toeplitz

e WR= [Aro A%rg .- A”ro]

e The APS-parameterization A = WRCR™'W*
@ Residual convergence specified via ro = Wh
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Investigating various cases

o Given arbitrary unitary W and rg
— There almost never R exists yielding tridiagonal Toeplitz A
e Given W generated from (A, r() generating a convergence
curve

— For n > 4, there does not exist another distinct pair (X 7o)
generating the same behavior

= |h;| produces

— For A, any 7o = > -, h;w; such that ‘ill

the same convergence behavior

Conclusion

Since spectral information is determined by (a, b, ¢), these are cou-
pled to the behavior of GMRES applied to the tridiagonal Toeplitz
system
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Main message

This framework does not just characterize
pathological cases. It describe the

mechanics of GMRES behavior for all
GMRES situations
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Future work

Toeplitz convergence: Long-term goal: characterize
convergence patterns for more complicated structured problems

o Extend to Toeplitz with any bandwidth
@ Block Toeplitz
Toeplitz-Block Toeplitz

Low-rank modifications of Toeplitz

o Generalized locally Toeplitz

BL-GMRES convergence: Extended to construct cases for
which block Krylov subspace loses dimension
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Thank you for your attention! Any
questions/comments?
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