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Overview
Starting from an example: Earth mantle convection 

Scalable Solvers, Multigrid 
Automatic Program Generation 
Achieving Exa-Scale Performance  
„Textbook“ Efficiency 

Supercomputers 
Lattice Boltzmann for Complex Flows (time permitting)

Parallel Solution of Large FE Problems  -  Ulrich Ruede

My talk presents results of my teams 
and the outcome of many years of collaboration with colleagues



An introductory excursion to 
Earth Mantle Convection

TERRA NEO

TERRA 3Parallel Solution of Large FE Problems  -  Ulrich Ruede
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Earth Mantle convection models: 
Stokes equation coupled with energy transport

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Mantle Convection

Earth mantle:

• 3000 km thick spherical shell

• Viscous fluid over geological timescales

Mantle convection:

• Driven by thermal buoyancy

• Hot plumes rise from core

• Cold lithosphere sinks back (subduction)

2
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Earth Mantle: 
2900 km thick spherical shell 
Volume ~ 1012 km3 

Viscuous fluid on geological time scales

Convection: 
Driven by buoyancy 
Hot plumes rising from the core 

Cold lithosphere slabs sink 
(subduction) 
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HYTEG  - application 
Dissertation N. Kohl
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Mathematical Model in Weak Form (1)

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Governing Equations — Weak Form

Momentum: Variable-coe�cient, “full” Stokes equation
Z

⌦
⇢ @u

@t ·v dx +

Z

⌦
2µ "(v) :"(u)� 2

3 µ div(v) div(u) dx �
Z

⌦
pr·v dx =

Z

⌦
f · v dx

Mass: incompressibility constraint
Z

⌦
qr·u dx = 0

Energy: advection–di↵usion of temperature
Z

⌦

@T
@t w dx +

Z

⌦
(u ·rT )w dx +

Z

⌦
rT ·rw dx =

Z

⌦
fT w dx
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Mathematical Model (2)

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Mathematical Model

Governing equations: Stokes

�r ·
�
2µ "(u)� 2

3 µ (r·u) I
�
+rp = f , r · u = 0

+ (test, integrate by parts)

Weak Formulation — find (u, p) 2 V ⇥ Q s.t. 8 (v , q) 2 V ⇥ Q:
Z

⌦

2µ "(v) :"(u)� 2
3 µ div(v) div(u) dx �

Z

⌦

pr·v dx =

Z

⌦

f · v dx

Z

⌦

qr·u dx = 0

+ (FE discretization)

Saddle-point system
 
A B>

B 0

! 
U

P

!
=

 
F

0

!
, solved by multigrid + Krylov
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TerraNeo Project: History & Perspectives

Parallel Solution of Large FE Problems  -  Ulrich Ruede

History of the TERRA/EMC Simulation Project

Year Milestone

1983 First version of TERRA (Baumgardner), sequential, constant viscosity

1996 First parallel version using PVM (Bunge)

1997 Variable viscosity, operator-dependent MG transfers (Yang)

1999 Ported to Cray T3D/T3E, >1TFLOP/s (NASA/SGI)

2008 Local grid refinement in boundary layers (Davies)

2013–19 TerraNeo/SPPEXA: HyTeG framework (Rüde, Wohlmuth, Bunge)

2017/2022 Surrogate polynomials (Driszga, Wagner, Mann)

2020 Scalability beyond 1012 DoFs for CCVL (S. Bauer)

2022 Textbook multigrid e�ciency for Stokes (Kohl)

2022 Lagrangian-Eulerian advection / particles (Kohl, Mohr)

2025 Adaptive mesh refinement (Mann)

2025 Code generation (Böhm, D. Bauer)

2025 EMC on Full SNG Phase 1, >1PFLOP/s, 1011 DoFs (P. Ilangovan, Mohr)

2026-X GPU porting, new proposal by LMU/TUM, Aim: JUPITER (1 EFLOP/s)

Fortran 77, MPI

C++, MPI

+ Kokkos 5

Hülsemann, F., Bergen, B., Rüde, U. (2003, August). Hierarchical hybrid grids as basis for parallel 
numerical solution of PDE. In European Conference on Parallel Processing (pp. 840-843). Berlin, 
Heidelberg: Springer Berlin Heidelberg. 
Bergen, B., Gradl, T., Hulsemann, F., Rüde, U. (2006). A massively parallel multigrid method for finite 
elements. Computing in Science & Engineering, 8(6), 56-62.
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The problem: Solving systems with #dof ~ 1012

Each double precision vector will be 8 TByte large 
We cannot use global 32 bit indices  
If the stiffness matrix has 100 nonzeros per row, we will need >1.6 
PByte to store the matrix in a typical sparse matrix format 

Even for an exascale machine this is a lot 
The inverse matrix is dense and thus requires 1024 double precision 
entries.  

If computing each of them costs a nJ energy, the total energy is 277 GWh 
The solution algorithm and no part of it must have quadratic or worse 
complexity. Only linear (or log-lin?) complexity is acceptable 
We must go matrix free to save memory and memory traffic 
We should use reduced precision when feasible

Parallel Solution of Large FE Problems  -  Ulrich Ruede
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Parallel Algorithms for saddle point systems

Monolithic multigrid or block approaches

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Kohl, N., & Rüde, U. (2022). Textbook efficiency: massively parallel matrix-free multigrid for the Stokes system. SIAM Journal 
on Scientific Computing, 44(2), C124-C155. 
Dostál, Z., & Horák, D. (2003). Scalability and FETI based algorithm for large discretized variational inequalities. Mathematics 
and Computers in Simulation, 61(3-6), 347-357. 
Blaheta, R., Luber, T., & Kružík, J. (2018). Schur Complement-Schwarz DD Preconditioners for Non-stationary Darcy Flow 
Problems. In High Performance Computing in Science and Engineering: Third International Conference, HPCSE 2017, 
Karolinka, Czech Republic, May 22–25, 2017, Revised Selected Papers 3 (pp. 59-72). Springer. 
Dostál, Z., Horák, D., & Kučera, R. (2006). Total FETI—an easier implementable variant of the FETI method for numerical 
solution of elliptic PDE. Communications in Numerical Methods in Engineering, 22(12), 1155-1162. 
Dostál, Z., Horák, D. (2025). The least squares solution of inconsistent discretized elliptic problems using the FETI method. 
Applications of Mathematics, 70(6), 929-939.

Gmeiner, B., Rüde, U., Stengel, H., Waluga, C., Wohlmuth, B. (2015). Towards textbook efficiency for parallel multigrid. 
Numerical Mathematics: Theory, Methods and Applications, 8(1), 22-46. 
Darrigrand, V., Dumitrasc, A., Kruse, C., & Rüde, U. (2023). Inexact inner–outer Golub–Kahan bidiagonalization method: A 
relaxation strategy. Numerical Linear Algebra with Applications, 30(5), e2484. 
Lukáš, D., & Dostál, Z. (2007). Optimal multigrid preconditioned semi-monotonic augmented Lagrangians applied to the 
Stokes problem. Numerical linear algebra with applications, 14(9), 741-750.
 Parallel Methods, Domain Decomposition

Benzi, M., Golub, G. H., Liesen, J. (2005). Numerical solution of saddle point problems. Acta numerica, 14, 1-137. 
Rozložník, M. (2018). Saddle-point problems and their iterative solution. Basel: Birkhäuser.
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Hierarchical Hybrid Tetrahedral Grids 
for Finite Elements

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Bergen, B. K., & Hülsemann, F. (2004). Hierarchical hybrid grids: data structures and core algorithms for multigrid. 
Numerical linear algebra with applications, 11(2-3), 279-291. 
Bergen, B., Gradl, T., Hulsemann, F., & UR (2006). A massively parallel multigrid method for finite elements. Computing in 
science & engineering, 8(6), 56-62. 
Kohl, N., Thönnes, D., Drzisga, D., Bartuschat, D., UR (2019). The HyTeG finite-element software framework for scalable 
multigrid solvers. International Journal of Parallel, Emergent and Distributed Systems, 34(5), 477-496.

level 0 (no refinement) level 1 level 2
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HYTEG: A matrix-free architecture for FE

Structured refinement of an unstructured base mesh 
Geometrical Hierarchy: Volume, Face, Edge, Vertex 

Parallel Solution of Large FE Problems  -  Ulrich Ruede

In this article, we consider the Stokes system as model problem. Discretization
with finite-elements yields a linear system with saddle-point structure. Section 2
covers the discretization and introduces the parallel data structures of the matrix-
free implementation. After definition of the multigrid components in section 3, we
quantify the computational cost of the resulting FMG iteration in section 4. Finally,
in section 5, we present numerical benchmarks to find optimal solver configurations in
the sense of TME, and demonstrate the node-level performance as well as the parallel
scalability of the implementation.

2 Finite element discretization for the Stokes sys-
tem

As model problem we consider the constant-coe�cient Stokes system that describes
viscous fluid motion on a bounded, polyhedral domain ⌦ ⇢ R3, defined by

��u+rp = f (3)

r·u = 0

where u = (u1, u2, u3)> represents the vector-valued velocity field, p the scalar pres-
sure field, and f = (f1, f2, f3)> an external force acting on the fluid. We consider
Dirichlet, and natural Neumann outflow boundary conditions on @⌦ = @⌦D [ @⌦N

u = w on @⌦D,
@u

@n
= np on @⌦N

where n is the outward pointing normal at the boundary. If @⌦ = @⌦D, the pres-
sure is defined up to a constant and the Dirichlet boundary function w must satisfy
compatibility conditions [26]. We fix p to a mean value of 0 by setting

R
⌦ p dx = 0.

Let T0 denote an unstructured partitioning of the computational domain into
tetrahedral elements. Each of the elements in T0 is then successively and uniformly
refined according to [16], yielding a hierarchy of tetrahedral meshes T = {T`, ` =
0, ..., L}. The structured refinement of a single coarse grid tetrahedron is illustrated
in fig. 1. The mesh hierarchy is discussed in more detail in sections 2.1 and 2.2.

Figure 1: Uniform, structured refinement of a single tetrahedron of the unstructured mesh. From
left to right: initial tetrahedron, refinement level ` = 1, refinement level ` = 2.

We define the solution and test spaces H1
E

and H
1
E0

H
1
E
:= {u 2 H1(⌦)3 : u = w on @⌦D}, H

1
E0

:= {v 2 H1(⌦)3 : v = 0 on @⌦D},

and standard conforming finite element spaces V
`

0 ⇢ H
1
E0

, V`

E
⇢ H

1
E
, and Q

` ⇢
L2(⌦) defined by polynomial functions on each tetrahedron for each level ` of the
mesh hierarchy.

3



Stokes system 
matrix-free multigrid with Uzawa smoother 
optimized for minimal memory 
consumption 

1013 Unknowns correspond to 80 
TByte for the solution vector 
Juqueen had ~450 TByte memory 
matrix free implementation essential

Extreme Scale Computing    -    Uli Rüde

TERRA NEO

TERRA 

10 years ago …

typically appear in simulations for molecules, quantum mechanics, or geophysics. The initial mesh

T�2 consists of 240 tetrahedrons for the case of 5 nodes and 80 threads. The number of degrees of

freedoms on the coarse grid T0 grows from 9.0 · 103 to 4.1 · 107 by the weak scaling. We consider

the Stokes system with the Laplace-operator formulation. The relative accuracies for coarse grid

solver (PMINRES and CG algorithm) are set to 10�3 and 10�4, respectively. All other parameters

for the solver remain as previously described.

nodes threads DoFs iter time time w.c.g. time c.g. in %

5 80 2.7 · 109 10 685.88 678.77 1.04

40 640 2.1 · 1010 10 703.69 686.24 2.48

320 5 120 1.2 · 1011 10 741.86 709.88 4.31

2 560 40 960 1.7 · 1012 9 720.24 671.63 6.75

20 480 327 680 1.1 · 1013 9 776.09 681.91 12.14

Table 10: Weak scaling results with and without coarse grid for the spherical shell geometry.

Numerical results with up to 1013 degrees of freedom are presented in Tab. 10, where we observe

robustness with respect to the problem size and excellent scalability. Beside the time-to-solution

(time) we also present the time excluding the time necessary for the coarse grid (time w.c.g.) and

the total amount in % that is needed to solve the coarse grid. For this particular setup, this

fraction does not exceed 12%. Due to 8 refinement levels, instead of 7 previously, and the reduction

of threads per node from 32 to 16, longer computation times (time-to-solution) are expected,

compared to the results in Sec. 4.3. In order to evaluate the performance, we compute the factor

t nc n
�1, where t denotes the time-to-solution (including the coarse grid), nc the number of used

threads, and n the degrees of freedom. This factor is a measure for the compute time per degree of

freedom, weighted with the number of threads, under the assumption of perfect scalability. For

1.1 · 1013 DoFs, this factor takes the value of approx. 2.3 · 10�5 and for the case of 2.2 · 1012 DoFs

on the unit cube (Tab. 5) approx. 6.0 · 10�5, which is of the same order. Thus, in both scaling

experiments the time-to-solution for one DoF is comparable. The reason why the ratio is even

smaller for the extreme case of 1.1 · 1013 DoFs is the deeper multilevel hierarchy. Recall also that

the computational domain is di↵erent in both cases.

The computation of 1013 degrees of freedom is close to the limits that are given by the shared

memory of each node. By (8), we obtain a theoretical total memory consumption of 274.22 TB,

and on one node of 14.72 GB. Though 16 GB of shared memory per node is available, we employ

one further optimization step and do not allocate the right-hand side on the finest grid level. The

right-hand side vector is replaced by an assembly on-the-fly, i.e., the right-hand side values are

evaluated and integrated locally when needed. By applying this on-the-fly assembly, the theoretical

18

Gmeiner et al. 2016, A quantitative performance study for Stokes 
solvers at the extreme scale, Journal of Computational Science.

13
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Current Development Lines
Sustainable Scientific Software Development with User Focus 

making the software better usable for the application community 
Model Evolution (in collaboration with LMU and TUM) 

ever more complex models (viscosity, compressibility, …) 
inverse problems, UQ 

Other Applications - Fusion Plasma Physics 
In collaboration with CEA and CERFACS (Aakash Dasari, C. Kruse, P. Mycek) 

Performance Portability 
Automatic Code Generation (F. Böhm, D. Bauer, N. Kohl) 
GPU Port (N. Kohl, F. Böhm) 

Adaptive Meshes (B. Mann) 
Mixed Precision (D. Bauer and collab. with P. Vacek/Erin Carson)

Parallel Solution of Large FE Problems  -  Ulrich Ruede
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Adaptive Mesh Refinement 

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Mann, B., & Rüde, U. (2025). An adaptive mesh 
refinement scheme for hierarchical hybrid grids. 
Applications of Mathematics, 70(6), 875-905.
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Parallel Adaptive Mesh Refinement (1) (B. Mann)
Red-Green-Refinement revisited

Parallel Solution of Large FE Problems  -  Ulrich Ruede
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refinement lev. 1 
with „green closure“
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„green closure“ 
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Does this 
process make 

sense?  
When there are 
1012 elements in 
3D distributed 

across 
thousands of 

cores?
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Parallel Adaptive Mesh Refinement (2) (B. Mann)
KL-Refinement (red-green-refinement adapted to HYTEG)

Parallel Solution of Large FE Problems  -  Ulrich Ruede
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k=0, l=3 k=1, l=3 k=2, l=3 k=3, l=3 k=4, l=3
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Adaptive HYTEG meshes for time dependent problem

„Moving heat source“ simulation 
Parallel Solution of Large FE Problems  -  Ulrich Ruede

Processor assignment 
Load balancing 
Data re-distribution 



We are VSB - Technical University of
Ostrava

VSB – Technical University of Ostrava has been connecting technical, economic,

natural sciences and artistic disciplines in modern study programmes for more than

175 years responding to the real problems of the present.

We carry out basic and applied research at the highest level. Thanks to tradition and

cooperation with industry as well as many domestic and foreign universities in a

wide range of sectors,

we provide innovative solutions in a number of fields and the certainty of

employment to our graduates.

Our faculties and research centres
Faculty of Mining and Geology

Faculty of Materials Science and

Technology

Faculty of Mechanical Engineering

Faculty of Economics

Faculty of Electrical Engineering and

Computer Science

Faculty of Civil Engineering

Faculty of Safety Engineering

IT4Innovations National

Supercomputing Center

 InNET  ČESKY 

Study Alumni Research Media
Partnership University

!

Strategic projects and alliances

News

Centre for Energy and Environmental

Technologies

19

Automatic Code Generation 
Metaprogramming 

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Böhm, F., Bauer, D., Kohl, N., Alappat, C., Thönnes, D., Mohr, M., ... & Rüde, U. (2024). Code Generation and 
Performance Engineering for Matrix-Free Finite Element Methods on Hybrid Tetrahedral Grids. SISC 225, vol 47, pp. 
B131-B159
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kernel type 
matrix-free BLAS, 

relaxation, grid transfer, …

operator type 
Laplacian, divergence, 

gradient, …

assembly type 
constant-coefficient,  

on-the-fly, approximated, …

discretization 
P1, P2, …

domain shape 
tetrahedral, triangular, …

memory layout 
linear, colored, …

target platform 
X86, GPU, …

Combinatorial explosion leads to many different kernels and would require  
an enormous manual implementation and optimization effort!

automated 
code generation 

+ 
optimization

The HYTEG framework - code generation



Provides option to transform 
the program 

Abstract syntax tree

For(…++elZ)

For(…++elY)

SrcDoF = ... DstDoF = ...

Tmp = ...

For(…++elX)

For(…++elZ)

Vec4 SrcDoF = ...

Tmp = ...

For(…++elX)For(…elX +=4 )

For(…++elY)

...

...

...

Transformed AST

Tailored 
optimizations

e.g. vectorization

Python Code Generator

Quadrature

Weak form

FE space

define performance 
properties 

Inputs to HOG

AVX2
Architecture

We are VSB - Technical University of
Ostrava

VSB – Technical University of Ostrava has been connecting technical, economic,

natural sciences and artistic disciplines in modern study programmes for more than

175 years responding to the real problems of the present.

We carry out basic and applied research at the highest level. Thanks to tradition and

cooperation with industry as well as many domestic and foreign universities in a

wide range of sectors,

we provide innovative solutions in a number of fields and the certainty of

employment to our graduates.

Our faculties and research centres
Faculty of Mining and Geology

Faculty of Materials Science and

Technology

Faculty of Mechanical Engineering

Faculty of Economics

Faculty of Electrical Engineering and

Computer Science

Faculty of Civil Engineering

Faculty of Safety Engineering

IT4Innovations National

Supercomputing Center

 InNET  ČESKY 

Study Alumni Research Media
Partnership University

!

Print sweepC++ Framework

Scalable, node-level 
optimized, matrix-free FE 

operator

Output: C++ code

Strategic projects and alliances

News

Centre for Energy and Environmental

Technologies

21

HYTEG Operator Generator (HOG)

Parallel Solution of Large FE Problems  -  Ulrich Ruede



• Starting point: already compute-bound
• Series of opts reducing arithmetic intensity
• Compute-intense P2V becomes memory-bound with P2V_SVUI
• Cubes loop applicable -> more speed-up 
• 58x accumulated speed-up, 50% peak, 1.4 GDoF/s
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Optimization Path: P2V

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Operator P2V:  

• Symmetry (S)
• Inter-element vectorization (V)
• Loop invariants (I)
• Cubes loop strategy (C)
• Under-integration (U)
• Fused quadrature loops (fQ)
• Tabulation (T)



HYTEG: Scaling for the Stokes Problem

Solvers for Extreme Scale   -    Uli Rüde

TERRA NEO

TERRA 23

Kohl, N., & Rüde, U. (2022). Textbook efficiency: massively parallel matrix-free multigrid for the Stokes system. SIAM Journal 
on Scientific Computing, 44(2), C124-C155. 

Kohl, N., Mohr, M., Eibl, S., & Rüde, U. (2022). A Massively Parallel Eulerian-Lagrangian Method for Advection-Dominated 
Transport in Viscous Fluids. SIAM Journal on Scientific Computing, 44(3), C260-C285.
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FMG, avg. 1.1⇥ 107 unknowns p. proc.

Fig. 11. Weak and strong scaling of the FMG solver for the P2 � P1 with
(⌫pre, ⌫post, ⌫inc,, Â, ⇠) = (0, 2, 1, 1, Âf , 3). The largest run solves a Stokes system with approxi-
mately 3.6 · 1012 unknowns.

Extreme-scaling. Finally, we demonstrate strong and weak scaling results of the
FMG implementation for the P2 � P1 discretization. The experiments are conducted
again on the thin nodes of SuperMUC-NG. We run the same cube benchmark on
refinement level L = 7.

Figure 11 shows the wall time for the FMG solver for the P2 � P1 discretization,
and (⌫pre, ⌫post, ⌫inc,, Â, ⇠) = (0, 2, 1, 1, Âf , 3). A weak scaling of three configura-
tions is presented: 1.1 · 107, 2.3 · 107, and 4.6 · 107 unknowns per process on average.
For the latter scenario, the number of processes per node is reduced from 48 to
24.

We demonstrate scalability to all available 147,456 processes and, in the largest
scenario, solve a Stokes system with more than 3.6 · 1012 unknowns in about 90
seconds. The solution vector alone requires more than 28 TB of main memory. The
monolithic multigrid solver with inexact Uzawa relaxation is especially suited for large-
scale computations, as it can be implemented with only one additional temporary
vector, on top of the solution and right-hand side.

We emphasize that such extreme scalability can only be achieved with matrix-free
solvers, and careful choice and implementation of the corresponding algorithms and
data structures [32].

6. Conclusion. In this article we analyzed an HHG-based massively parallel
matrix-free multigrid solver for the Stokes equations with respect to the notion of
TME. We extended the HHG data structures to higher-order finite elements and
compared the numerical and computational performance of a stabilized equal-order
and a Taylor–Hood discretization. The operation count of the employed monolithic,
geometric multigrid solver was derived and used as a first model to evaluate its e�-
ciency with respect to TME. Regarding operation count as a metric, we achieve or are
close to TME for both evaluated discretizations and benchmark problems. In a series
of studies we then present the computational e�ciency of our implementation to iden-
tify and quantify the gaps toward achieving TME in massively parallel applications.
Finally we demonstrate extreme scalability of the multigrid solver to up to 147,456
parallel processes and systems with more than 3.6 · 1012 unknowns. This article may
serve as a basis for further analysis of the e�ciency of Stokes solvers, in particular for
the case of varying coe�cients and for coupled, possibly nonlinear applications.
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Fig. 4. Minimal achievable velocity error after an FMG iteration with parameterization
s 2 S that requires a maximum work of W , plotted for W 2 {0} [ {1.5, 2, . . . , 12}. Precisely,
mins2S̃(||e(ũL)||0) with S̃ := {s 2 S : WD(FMG(s))  W}, and discretization D on level L.

Fig. 5. Domain and computed solution of the flow through a y-shaped junction.

5.1.2. Flow through a junction. As a second benchmark problem, we consider
a y-shaped junction that is slightly bent in the z-direction, with a single, sinusoidal
inflow and two natural outflow (Neumann) boundaries; cf. Figure 5. The domain
consists of 336 coarse grid tetrahedra that are successively refined. The relaxation
parameter ! is again determined by a parameter study and set to 0.3 and 0.4 for the
P1 � P1 and P2 � P1 discretizations, respectively.

Since no analytical solution is known, we consider asymptotical convergence rates
by comparison of computed solutions on di↵erent refinement levels as in [2]. Given
two approximations x̃

`
and x̃

`�1, ||x̃`
� I

`

`�1x̃`�1||0 is expected to converge at the
same rate as the discretization error for increasing `.

In Figure 6 we plot ||ũ
`
� I

`

`�1ũ`�1||0 for both discretizations, increasing re-
finement levels, and two di↵erent solver configurations. For each discretization, we
additionally show results for the algebraic solution, computed by reducing the resid-
ual to machine precision on each level (denoted by alg. exact). We observe that the
expected asymptotic order of convergence is not achieved, even for the exact solu-
tion of the linear system. However, the FMG solvers are able to reduce the error to
discretization accuracy for settings that reach TME or are at least close to TME.
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Towards a GPU-ready Earth Mantle Simulation

Key Step: simplify mesh structures & specialize to single app scenario

Parallel Solution of Large FE Problems  -  Ulrich Ruede

MPI + Kokkos Parallelization

Grid division into

diamond-shaped subdomains

Rank 0 / GPU 0

Kokkos::View

Rank 1 / GPU 1

Kokkos::View

Subdomains

distributed to ranks

MPI Communication
x

y

r

x

y

r

thread a

thread b

shmem

communication

thread a

thread b

shmem

communication

GPU execution space Kernel

9

(N. Kohl, F. Böhm, M. Mohr)



Vcycle Weak Scaling

• Increase in runtime from 1-2

GPUs (MPI switches on)

• Lighter increase up to 16

GPUs: neighborhood

rank-relationships fill up

• then: mostly nice, roughly

constant scaling up to

1024/2048 GPUs

• Vcycle runs and scales well

on a range of GPU

archs/clusters
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Why Kokkos? Performance Portability!

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Performance Portability with Kokkos

Why Kokkos?

• C++ performance portability library

• Single codebase for CPUs and GPUs

Kokkos ecosystem:

• Developed at Sandia, Oak Ridge & CEA

• > 1200 developers, > 150 institutions,

⇠ 300 HPC projects

In a nutshell:

Application: TerraNeo kernels, spherical shell grid, solvers

Kokkos: parallel for, Views, execution/memory spaces

CUDA HIP SYCL OpenMP Serial

NVIDIA AMD Intel Multi-core Any CPU

compile-time

abstraction

formulated as

7

Backend Mapping

Kokkos::parallel for(policy, kernel lambda);
?y

JUWELS Booster

JSC, Jülich

LUMI-G

CSC, Kajaani

SuperMUC-NG Phase 2

LRZ, Garching

NVIDIA AMD Intel

GPU A100 MI250X PVC (Max 1550)

Toolkit CUDA Toolkit ROCm oneAPI

Compiler nvcc wrapper hipcc icpx

Arch flag AMPERE80 AMD GFX90A INTEL PVC

16

Strong Scaling

• Simple setup and

out-of-the-box runs on all

archs up to 128/256/512

GPUs

• Runs on SNG2/LUMI scale

well

• MN5/JB: throughput

degradation at larger GPU

counts (strong scaling limit)

17

Matrix-free SpMV kernel

V-Cycle Scaling
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Textbook Multigrid Efficiency 

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Textbook e�ciency: massively parallel matrix-free
multigrid for the Stokes system

Nils Kohl∗ Ulrich Rüde∗†

Abstract

We employ textbook multigrid e�ciency (TME), as introduced by Achi

Brandt, to construct an asymptotically optimal monolithic multigrid solver for

the Stokes system. The geometric multigrid solver builds upon the concept

of hierarchical hybrid grids (HHG), which is extended to higher-order finite-

element discretizations, and a corresponding matrix-free implementation. The

computational cost of the full multigrid (FMG) iteration is quantified, and the

solver is applied to multiple benchmark problems. Through a parameter study,

we suggest configurations that achieve TME for both, stabilized equal-order,

and Taylor-Hood discretizations. The excellent node-level performance of the

relevant compute kernels is presented via a roofline analysis. Finally, we demon-

strate the weak and strong scalability to up to 147, 456 parallel processes and

solve Stokes systems with more than 3.6⇥ 10
12

(trillion) unknowns.

Key words multigrid, textbook e�ciency, hierarchical hybrid grids, parallel com-
puting, finite element method, Stokes problem

AMS subject classifications 65F10, 65N30, 65N55

1 Introduction

Textbook multigrid e�ciency (TME), a term coined by Achi Brandt in [18, 48], sug-
gests that an ideal multigrid algorithm should solve a discrete system with less than
10 times the computational work that is required to apply the corresponding operator.

The computational work W(M) required to employ a numerical method M , in
order to solve a linear system Ax = b, is conveniently expressed in multiples of a
work unit (WU). One WU amounts to the computational work W(A) required for
application of the considered linear operator, i. e.

1WU := W(A). (1)

Consequently, we achieve TME if we design a multigrid method MG, that solves
Ax = b, with

W(MG)

W(A)
< 10. (2)

We emphasize that TME is defined with respect to the underlying di↵erential equa-
tion. Solving the partial di↵erential equation (PDE) with optimal complexity is a

∗
Chair for System Simulation (LSS), Friedrich-Alexander Universität Erlangen-Nürnberg, Ger-

many (nils.kohl@fau.de, ulrich.ruede@fau.de)
†
Centre Européen de Recherche et de Formation Avancée en Calcul Scientifique (CERFACS),

France

1

ar
X

iv
:2

01
0.

13
51

3v
1 

 [c
s.C

E]
  2

6 
O

ct
 2

02
0



Textbook Multigrid Efficiency (TME)

„Textbook multigrid efficiency means solving a 
discrete PDE problem with a computational effort that 
is only a small (less than 10) multiple of the operation 
count associated with the discretized equations itself.“  
[Brandt, 98]

Parallel Solution of Large FE Problems  -  Ulrich Ruede

TERRA NEO

TERRA 27

This is a programmatic claim - not a theorem. 
Is it achievable? 

For which types of PDE?
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Work unit (WU)
Linear system 
Work unit (WU) to apply operator: 

or perform one sweep of relaxation 
TME achieved, if work for MG solver(!) less than 10 WU: 

TME defined wrt. to underlying differential equation 
TME is (much!) more ambitious than asymptotic optimality 
or mesh independent convergence of an iterative solver 
TME requires to quantify the constant 

Hard to assess theoretically 
But systematic numerical studies possible 

Parallel Solution of Large FE Problems  -  Ulrich Ruede
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order to solve a linear system Ax = b, is conveniently expressed in multiples of a
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application of the considered linear operator, i. e.
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we suggest configurations that achieve TME for both, stabilized equal-order,
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Cost comparison for Stokes with stabilized P1-P1 vs. P2-P1

A WU for P2-P1 and for P1-P1 are roughly equivalent 
Velocity error after an FMG iteration with parameterization chosen to achieve 
minimal error

Parallel Solution of Large FE Problems  -  Ulrich Ruede
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on refinement level `. The number of unknowns in the interior of a tetrahedron is
calculated using eq. (7) and table 1.

For the application of a stencil with n entries, we account n multiplications and
n� 1 additions. We approximate this with 2n operations for each stencil application.
Where necessary, the number of operations is then multiplied by three, accounting
for the three velocity components.

The computational costs for the application of the block operators of eq. (5) for
the P2 �P1 discretization on level ` are (cf. tables 1 and 2)

W(BP2�P1
`

) =

vel. components

z}|{
3 · ( 2|{z}

add + mul

·
stencil sizez}|{

65 ) · Ntet(2
` � 3)| {z }

inner unknowns

(12)

W(AP2�P1
`

) = 3 ·
�
(2 · 65) ·Ntet(2

` � 3) + (2 · 146) ·Ntet(2
` � 2) (13)

+(2 · 19) ·Ntet(2
` � 1)

�

W(CP2�P1
`

) = 0. (14)

The P1 � P1 finite-element discretization leads to a 15-point stencil in the interior
of a refined tetrahedron [30]. It corresponds to the vertex-centered stencil in fig. 3(a)
without the entries on the edges. The computational costs for the individual blocks
are therefore

W(AP1�P1
`

) = W(BP1�P1
`

) = 3 · (2 · 15) ·Ntet(2
` � 3) (15)

W(CP1�P1
`

) = (2 · 15) ·Ntet(2
` � 3). (16)

While W(B`) 6= W(B>
`
) because of boundary e↵ects, they asymptotically incur the

same cost, i. e. we approximate W(B`) ⇡ W(B>
`
).

The cost of an application of a block matrix is approximated with the sum of the
work for the application of the individual blocks. For A` of eq. (5) we set

W(A`) ⇡ W(A`) +W(B>
`
) +W(B`) +W(C`).

To set these numbers into perspective, we compare the cost of the application
of the Stokes operator discretized with P2 � P1 finite elements on level ` with the
cost of the operator application for the PSPG stabilized P1 � P1 discretization on
level ` + 1. As stated in section 2, the number of unknowns for a P2 finite-element
discretization on level ` equals the number of unknowns for a P1 discretization on
level ` + 1. However, in both formulations for the Stokes problem, the pressure is
discretized linearly. The asymptotic ratio of unknowns (P2�P1/P1�P1) for a level
ratio `/(`+ 1) is (cf. table 1)

lim
`!1

3 · (Ntet(2` � 3) + 6 ·Ntet(2` � 2) +Ntet(2` � 1)) +Ntet(2` � 3)

4 ·Ntet(2`+1 � 3)
=

25

32
.

The asymptotic, work ratios of the individual operator blocks of eq. (5) and the
Stokes operators are

lim
`!1

W(AP2�P1
`

)

W(AP1�P1
`+1 )

=
23

12
, lim

`!1

W(BP2�P1
`

)

W(BP1�P1
`+1 )

=
13

24
, lim

`!1

W(AP2�P1
`

)

W(AP1�P1
`+1 )

=
9

10
. (17)

Concluding, the work for the application of the two operators AP2�P1
`

and AP1�P1
`+1

is comparable.

4.2 Multigrid

It follows the estimation of the computational work of the FMG algorithm as listed
in algorithm 1.
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P1 �P1, L = 6, mins2Ŝ(W(FMG(s))), Ŝ := {s 2 S :  = 1 ^ �(uL)  �̂u ^ �(p
L
)  �̂p}

(�̂u, �̂p) (1.1, 2) (1.1, 5) (2, 10)

s (2, 3, 2, 1, Âs, 1) (3, 1, 3, 1, Âs, 1) (1, 0, 2, 1, Âs, 1)

W(FMG(s)) 10.77 9.55 3.97

�(uL) 1.10 1.10 1.62

�(p
L
) 1.51 2.91 8.52

P2 �P1, L = 5, mins2Ŝ(W(FMG(s))), Ŝ := {s 2 S :  = 1 ^ �(uL)  �̂u ^ �(p
L
)  �̂p}

(�̂u, �̂p) (1.1, 2) (1.1, 5) (2, 10)

s (1, 3, 2, 1, Âf , 3) (1, 2, 1, 1, Âf , 3) (0, 2, 1, 1, Âf , 3)

W(FMG(s)) 14.91 11.08 8.11

�(uL) 1.01 1.02 1.47

�(p
L
) 1.99 4.55 9.81

Table 3: Results for some parameterizations from the search space S, optimized towards minimal
work with fixed upper bounds for �(uL) and �(p

L
), and  = 1.
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Figure 4: Minimal achievable velocity error after an FMG iteration with parameterization s 2 S that
requires a maximum work of W , plotted for W 2 {0}[{1.5, 2, . . . , 12}. Precisely, mins2S̃(||e(ũL)||2)
with S̃ := {s 2 S : WD(FMG(s))  W}, and discretization D on level L.

iteration. For both discretizations, a looser bound to the pressure error significantly
reduces the required work. If only a very accurate velocity solution is of interest, very
e�cient parameterizations may be chosen. We note that no configuration could reduce
the pressure error so that �(p

L
)  1.4. Similar results for the P1 �P1 discretization

are presented and discussed in [31, 30].
Table 3 lacks a direct comparison of the e�ciency among the two discretizations.

Again, we are interested in solving the PDE, and not in the exact solution of the dis-
crete problem. To this end, the ratios �(u

`
) and �(p

`
) fail to express a discretization-

invariant, quantitative measure for accuracy of the computed solution. The ratio
eq. (17) suggests, that a similar amount of work is required to apply either AP2�P1

`
or

AP1�P1
`+1 . We compare therefore the error ||e(ũ

L
)||2 as defined in eq. (19) after apply-

ing the FMG iteration to solve eq. (5) with AL = AP2�P1
L

, L = 5, and AL = AP1�P1
L

with L = 6. In particular, we plot in fig. 4 the minimal velocity error ||e(ũ
L
)||2

that can be achieved with an FMG configuration that requires a certain maximum
amount of work W . For the considered example, the P1 �P1 discretization accuracy
on level L = 6 is reached even for really e�cient configurations of the FMG solver
when employing the P2 � P1 discretization on level L = 5. For example, a 10-fold
reduction of the low-order discretization error is achieved with WP2�P1(FMG) ⇡ 5.

5.1.2 Flow through a junction

As a second benchmark problem, we consider a y-shaped junction, that is slightly bent
in z-direction, with a single, sinusoidal inflow and two natural outflow (Neumann)
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mungen um Flugkörper beteiligt war. Robert Sauer (* 16.9.1898 Pom-
mersfelden, † 22.8.1970 München), der ab 1. Oktober 1948 als Ordentli-
cher Professor für Höhere Mathematik und Analytische Mechanik an der
Technischen Hochschule München lehrte, hatte ein Lehrbuch der Gasdy-
namik publiziert und hatte durch eigene Erfahrung beim Bau eines Ana-
logrechners bemerkt, daß diese für die Berechnung hyperbolischer parti-
eller Differentialgleichungen ungeeignet sind. Damit erklärt sich Sauers
Interesse an elektronischen Rechenmaschinen. ,, ... [Es] kam in ständig
wachsendem Maße eine rege Zusammenarbeit zwischen dem obengenann-
ten elektrotechnischen Institut und dem Mathematischen Institut — un-
ter Professor Dr. Robert Sauer — zustande. Wie immer, wuchs der Ap-
petit mit dem Essen. “ geht es in dem Artikel weiter.

Die PERM im Zustand von 1956 — bis Sommersemester 1974
in der Ausbildung eingesetzt, heute im Deutschen Museum

Durch Sauers Assistent Hermann L. Jordan (1922–1998), der 1948/1949
ebenfalls bei einem Studienaufenthalt in den USA elektronische Rechen-
anlagen kennengelernt hatte, wurden Unterlagen über den Whirlwind
zum Vorbild für die Programmgesteuerte Elektronische Rechenanlage
München, die PERM. ,,Während in den 30er und 40er Jahren des letz-
ten Jahrhunderts in Deutschland kaum Interesse an elektromechanischen
oder elektronischen Großrechenanlagen bestand, erreichten die USA, ge-
trieben vor allem durch das Militär, ein hohes Niveau. Dies gelang durch
gezielten Einsatz von Wissenschaftlern und Ingenieuren in Technologie,
Systemwissen und Anwendungen. Diese Kenntnisse fanden Niederschlag
unter anderem in den Veröffentlichungen der ‘Radiation Series’, verfügbar

3

PERM: I did not experience this in action any more

schnelleren Anlage unabweisbar notwendig geworden, um die ständig ge-
stiegenen Anforderungen an Rechenzeit zu erfüllen. Im Herbst 1968 fiel
die Wahl nicht ohne Druck aus Bonn wieder auf ein deutsches Fabrikat.

Telefunken TR 440 (1970)

Herbst 1970: Inbetriebnahme der TR 440 im Neubau an der Ba-
rer Straße. Am 18. 12. 1968 wurde das Richtfest für das LRZ-Gebäudes,
Barer Straße 21, gefeiert, im Herbst 1970 war das Gebäude, dessen Ko-
sten (damaliger Preisstand) sich auf 6.6 Mio. DM beliefen, bezugsfertig.
Selten wurde im staatlichen Hochschulbau so zügig gearbeitet. Nach ei-
nem ersten Teilumzug im August 1970 fand ein zweiter im Februar 1971
statt.
Das Gebäude wurde auch gerade rechtzeitig fertig, um für die im Okto-
ber 1970 zur Lieferung anstehende Rechenanlage Telefunken TR 440 den
Probebetrieb aufzunehmen. Geplant war eine Doppel-Prozessor-Anlage,
die den Einstieg in Mehr-Prozessor-Anlagen vorbereiten sollte. Sie wurde
zunächst mit einem Prozessor geliefert und ging im Oktober 1971 in vol-
len Betrieb, nachdem stufenweise im Februar 1971 der Betrieb der Daten-
station im 1. Obergeschoß, im März der Konsolbetrieb nach Aufstellung
einer TR 86 S als Vor-Rechner aufgenommen wurde. Ab September 1972
stand dem LRZ sogar eine neue Doppelprozessoranlage zur Verfügung;
der Monoprozessor TR 440 wurde sodann als Rechner des Instituts für
Informatik der TU (,,Informatik-Rechner“) am LRZ weiterbetrieben.

105

TR 440: Where I learnt about Gaussian elimination

CDC CYBER 170 (1985)

Juli/August 1986:
Lieferung der ersten CDC CYBER 180-990DP (E) mit 32 MB Hauptspei-
cher, Aufnahme des Benutzerbetriebs unter NOS 2 im November 1986.
Oktober/November 1986:
Lieferung weiterer Plattenspeicher für CDC CYBER 180-990DP und Auf-
nahme des Benutzerbetriebs unter dem neuen virtuellen Betriebssystem
NOS/VE.
Januar 1987:
Außerdienststellung der seit 1978 betriebenen CDC CYBER 175 (B),
Multi-Mainframe-Kopplung der beiden verbliebenen Maschinen CDC
CYBER 170-875MP (D) und CDC CYBER 180-990DP (E) unter NOS 2.
März/April 1987:
Hauptspeichererweiterung der CDC CYBER 180-990DP (E) auf 64 MB,
Abbau der CDC CYBER 170-875MP (D), die seit 1985 betrieben wurde.
Aufstellung der CDC CYBER 180-990DP (F) mit 64 MB und Aufnahme
des Benutzerbetriebes auf den unter NOS eng gekoppelten CDC CYBER-
Anlagen.
Mai 1987:
2. Hauptspeichererweiterung bei beiden CDC CYBER-Anlagen (E) und
(F) auf je 128 MB. (Aus CDC CYBER 990DP wird dadurch CDC CY-
BER 995E.)

110

CDC 175: Eventually fast enough to do 2D Poisson

schen Hochschulen führten. Dazu wurde 1988 eine Erweiterung der Kli-
maanlage des Leibniz-Rechenzentrums erforderlich.
Die Aufstellung des Vektorrechners erfolgte wiederum in Stufen: Im Ok-
tober 1988 wurde eine Interimsmaschine CRAY X-MP/24 mit 2 Prozesso-
ren, 4 MWorten = 32 MByte Hauptspeicher geliefert und am 21. 11. 1988
dem Benutzerbetrieb übergeben. Diese Anlage wurde im Oktober 1989
gegen eine CRAY Y-MP 4/4 32 mit 4 Prozessoren, 32 MWorten ( = 256
MByte Hauptspeicher) ausgetauscht.
Eine feierliche Einweihung der CRAY fand am 26. 1. 1990 statt — sie
blieb vielen Teilnehmern in Erinnerung, weil F. L. Bauer, der Ständige
Sekretär, an diesem Tag bekanntgeben mußte, daß sich im LRZ kurz zu-
vor ein ,,Asbest-Unfall“ ereignet hatte. Das war der Anfang der Asbestsa-
nierung, einer achtjährigen Leidensgeschichte für das Personal, aber auch
einer abrupten Richtungsänderung für die weitere Planung.

CRAY Y-MP (1989)

Im April 1991 wurde der Hauptspeicher auf 64 MWorte = 512 MByte aus-
gebaut (neue Bezeichnung: CRAY Y-MP 4/4 64), im Dezember 1992 auf-
gerüstet auf 8 Prozessoren (neue Bezeichnung: CRAY Y-MP 8/8 64), im
Juli 1993 auf 128 MByte (neue Bezeichnung: CRAY Y-MP 8/8 128).
Eine Standleitung München-Erlangen mit 64 kbit/s wurde eingerichtet,
das Protokoll X.25 eingeführt.
Anfang 1990 wurde eine Studie zur Entwicklung des Leibniz-Rechenzen-
trums für die Jahre 1990 bis 1994 vorgelegt. Diese Studie sah einen
Stufenplan mit folgenden Schwerpunkten vor:
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Let me take a look back …

The Cray YMP. A dream for vector processing

Hitachi SR 8000 F1 (2000)

2002: Bode Nachfolger von Bauer im Direktorium. Friedrich L.
Bauer schied zum 1. 10. 2002 aus dem Direktorium des LRZ aus, nachdem
die Neubauplanung in Garching bis in die Details fortgeschritten war. Zu
seinem Nachfolger wurde Arndt Bode gewählt. [Christoph Zenger]

Dienste-Entwicklung am LRZ. Spätestens mit der Einführung des
Konzeptes der dezentralen Grundversorgung Anfang der 90er Jahre, dem
gleichzeitigen Aufbau des Münchener Wissenschaftsnetzes als eines selbst-
ständigen Systems (und nicht nur als Zubringernetz zu Rechnerressour-
cen) und der Entwicklung erster Internetdienste änderte sich auch das
Dienstleistungsspektrum des LRZ erheblich.
Stand früher der Betrieb von Rechnern im Vordergrund, gewannen im
Laufe der Zeit andere Herausforderungen an Bedeutung. Hier ist zunächst
einmal die Professionalisierung des IT-Service-Managements zu nennen.
Es war für das LRZ günstig, dass der Lehrstuhl Hegering zu den ersten
in Deutschland zählte, die sich wissenschaftlich mit Verfahren des Netz-,
System-, Anwendungs- und Dienstmanagements beschäftigten.
Schon 1990 wurde das Münchner Netzmanagement-Team (MNM-Team)
gegründet, das aus Wissenschaftlern von LRZ, TUM und LMU bestand.

122

The Hitachi SR 8000: Only 2 of the kind worldwide 

Jugene: The scaling monster

The current #2



ExaFLOPS: TOP 500 List
The fastest computers today 
(Frontier, ElCapitan) deliver  
>1 ExaFLOPS= 1018 FLOPS 
Will the deflation of 
computational cost continue?

32Fast Solvers   -    Uli Ruede

ExaFlops

1000 x p
er d

ecade

100 x per decade
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We are used to 1000x improvement per decade 
It slows down, but for now seems to continue with 100x improvement per decade 
We have seen improvement of speed by factors of 

• 107 since 1993 and  
• 1014 since 1963 

Moore’s Law for the Hitchhikers of the Galaxy 
If my car had seen similar improvements since 1993,  
it would drive instead of 102 km/h with 109 km/h 

since the solar system has a diameter of 1010 km, we could reach Neptune for 
a summer holiday within approximately 5 hours. 

If my car had sped up by 1014 since 1963 it would drive at 1016 km/h 
since our home galaxy has a diameter of 1018 km we could tour the galaxy by 
driving some 100 hours

Parallel Solution of Large FE Problems  -  Ulrich Ruede

must ignore Einstein’s speed limit at 109 km/h

Moore’s Law: We are children of the golden age of computing!
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What is ExaScale possibly good for?
ExaScale: 1018 FLOPS  
(floating point operations per second)  
When we have 

1000 
x 1000 
x 1000 particles (or pores) 
each resolved by 1000 cells 

then we still can still execute 1 Mflop per each cell 
1 MFLPOS = 106 FLOPS = the performance of PC in 1990 
Also think about ExaByte:  

The Bible can be stored in approx. 1 MByte= 106 Byte 
If every one of 1010 humans on earth  
wrote one bible/year 
A single ExaByte system could store everything  
of relevance for humans in the next 100 years.

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Simulation performed with our in-house 
multi-physics framework waLBerla/PE

Preclik, T. & UR (2015). Ultrascale simulations of non-smooth granular dynamics; Computational Particle Mechanics, DOI: 10.1007/s40571-015-0047-6 
Eibl, S., & UR (2019). A systematic comparison of runtime load balancing algorithms for massively parallel rigid particle dynamics. Computer Physics 
Communications, 244, 76-85.
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waLberla 

widely applicable Lattice Boltzmann 
from Erlangen

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Feichtinger, C., Donath, S., Köstler, H., Götz, J., & Rüde, U. (2011). WaLBerla: HPC software design for computational 
engineering simulations. Journal of Computational Science, 2(2), 105-112. 
Bauer, M., Eibl, S., Godenschwager, C., Kohl, N., Kuron, M., Rettinger, C., ... & Rüde, U. (2021). waLBerla: A block-structured 
high-performance framework for multiphysics simulations. Computers & Mathematics with Applications, 81, 478-501.
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EuroHPC consortium including Airbus, FAU, 
IT4I Ostrava, CS Group, and CERFACS 
LBM for aerodynamics/aeroacoustics 
Up to 10 refinement levels 
Scaling up to 65000 cores 
1.3 x 109 cells 
Resolution of 0.25 mm around landing gear

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Lagoon 10 Refinement levels (small blocks)

• Domain Size 40 x 20 x 20 m

• Block Size 8 x 8 x 8 cells

• Blocks for all runs 202 218 -> 149 012 blocks on the finest level

• 103 535 616 Cells

• Resolution 0.0005 m around the landing gear

• 62 GB of total memory for LBM data

10
Block structure of complete domain (x-y slice) Block structure with zoom on landing gear (x-y slice)

Lagoon 10 Refinement levels (small blocks)

• Scaling from 128 to 32 768 cores

• Strong scaling efficiency of ~ 99 %

• On 32 768 cores we still reach 1.7 MLUPs per core

• Note: Domain is so small it fits completely in L3 cache -> explains over scaling

• Load imbalance much better (at least 5 fine blocks per core)

12

Lagoon 10 Refinement levels (large blocks)

8

Scaling efficiency of ~ 64% 
because of load imbalance 
(67 212 fine blocks)

6.1 seconds per 
coarse step

-> 7.2^11 fine cells 
updated every ~6.1
seconds
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Test case of counter rotating rotor 
Partially saturated cells (PSM) method for moving 
boundaries/geometry 
realistic Re-number still problematic 
Adaptive refinement in parallel under development (refine/
coarsen)

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Large-Scale Simulations of Fully Resolved Complex Moving Geometries with the Lattice Boltzmann Method 8

(a) Scenario A: Geometry
rotating over full domain

(b) Scenario B: Geometry rotating in
small part of domain

FIG. 9: Block structure with 128 blocks for CPU node level
performance on LUMI-C, 64³ cells per block

FIG. 10: Node level performance of PSM vs LBM on 2x
AMD EPYC 7763 CPUs on LUMI-C with 128 blocks and

64³ cells per block. Scenario A and B are visualized in
Figure 9.

which is about the extra memory access of reading the fraction
field and the solid object velocity field in Equation 4.

Lastly, we look at the performance of the PSM with an ac-
tual rotating geometry. The rotor in Scenario A and B is ro-
tating clockwise around its center. The rotation is dealt with
by building a new solid volume fraction field B(x, t) from the
geometry field every time step as explained in section III. As
the geometry field is created in a pre-processing step, only the
interpolation of the geometry field to the solid volume frac-
tion field B(x, t) is performance-relevant. Here, we tested two
super-sampling factors, s = 0 and s = 1, which should lead to
a different workload. In Figure 10 we present, that the han-
dling of the rotation (interpolation) kernel has only a minor
influence on the overall performance of the simulation. For
Scenario A, which is performance wise the worst case sce-
nario, because the rotating rotor covers a large portion of the
domain, the handling of the rotation is reducing the perfor-
mance for only 7% for the greater super-sampling factor of
s = 1. For Scenario B and s = 1, the result is even better,
here the handling of the rotation takes less than 3% of the
run time. Further, we observe that the super-sampling-factor
seams to have a negligible impact in the performance of the
rotation handling. For an industrial application such as the
CROR in Figure 5, the domain setup is close to scenario B,
therefore, the performance loss because of the rotation kernel
is expected to be below 3% of the run time.

FIG. 11: Node level performance of PSM vs LBM on 4
NVIDIA A100 GPUs on JUWELS-Booster with 1 block per

GPU and 256³ cells per block. Scenario A and B are
visualized in Figure 9.

For the GPU node-level performance, we studied the same
four cases as for the CPU node lever performance, but this
time on one JUWELS-Booster node (Alvarez 2021), which
consists of four NVIDIA A100 40GB GPUs. We decomposed
the domain into four blocks with 256³ cells per block, so that
one GPU handles one block and the GPU is fully utilized.
The node level performance results are presented in Figure 11.
Again, we introduce the LBM bandwidth roofline to get an es-
timation for the theoretically maximum performance for our
LBM kernel. It is computed by the measured bandwidth of
the four GPUs, which is 4 ·1366 GB/s, divided by the number
of memory accesses to end up with a maximum performance
of 18092 MLUPS. The LBM kernel for Scenario B with a
low number of boundary cells reaches 16916 MLUPS, which
is over 93 % of the maximum achievable performance. The
same code for Scenario A is 5% slower, which is again be-
cause of the higher number of boundary cells in the domain.

For the PSM kernel without rotation, we observe the same
performance as for the LBM kernel for Scenario B, and even
a speed-up for Scenario B. The higher number of boundary
cells seems to have no effect on the superior performance of
the PSM code.

The handling of the rotation of the geometry shows a to
the CPU results comparable impact on the performance, with
10% performance loss for Scenario A and 8% performance
loss for Scenario B. Again, a higher super-sampling factor
seems not to have additional costs in terms of MLUPS.

We conclude, that we managed to implement a handling for
complex moving geometries on CPUs and GPUs, which in-
troduces only a low performance penalty when using the PSM
compared to an efficient LBM algorithm, with the difference,
that for the standard LBM step, the rotation / translation of the
geometry is not handled yet. So one would need some costly
PDF reconstruction algorithms, which we can fully avoid by
exploiting the PSM.

Large-Scale Simulations of Fully Resolved Complex Moving Geometries with the Lattice Boltzmann Method 8

(a) Scenario A: Geometry
rotating over full domain

(b) Scenario B: Geometry rotating in
small part of domain

FIG. 9: Block structure with 128 blocks for CPU node level
performance on LUMI-C, 64³ cells per block

FIG. 10: Node level performance of PSM vs LBM on 2x
AMD EPYC 7763 CPUs on LUMI-C with 128 blocks and

64³ cells per block. Scenario A and B are visualized in
Figure 9.

which is about the extra memory access of reading the fraction
field and the solid object velocity field in Equation 4.

Lastly, we look at the performance of the PSM with an ac-
tual rotating geometry. The rotor in Scenario A and B is ro-
tating clockwise around its center. The rotation is dealt with
by building a new solid volume fraction field B(x, t) from the
geometry field every time step as explained in section III. As
the geometry field is created in a pre-processing step, only the
interpolation of the geometry field to the solid volume frac-
tion field B(x, t) is performance-relevant. Here, we tested two
super-sampling factors, s = 0 and s = 1, which should lead to
a different workload. In Figure 10 we present, that the han-
dling of the rotation (interpolation) kernel has only a minor
influence on the overall performance of the simulation. For
Scenario A, which is performance wise the worst case sce-
nario, because the rotating rotor covers a large portion of the
domain, the handling of the rotation is reducing the perfor-
mance for only 7% for the greater super-sampling factor of
s = 1. For Scenario B and s = 1, the result is even better,
here the handling of the rotation takes less than 3% of the
run time. Further, we observe that the super-sampling-factor
seams to have a negligible impact in the performance of the
rotation handling. For an industrial application such as the
CROR in Figure 5, the domain setup is close to scenario B,
therefore, the performance loss because of the rotation kernel
is expected to be below 3% of the run time.

FIG. 11: Node level performance of PSM vs LBM on 4
NVIDIA A100 GPUs on JUWELS-Booster with 1 block per

GPU and 256³ cells per block. Scenario A and B are
visualized in Figure 9.

For the GPU node-level performance, we studied the same
four cases as for the CPU node lever performance, but this
time on one JUWELS-Booster node (Alvarez 2021), which
consists of four NVIDIA A100 40GB GPUs. We decomposed
the domain into four blocks with 256³ cells per block, so that
one GPU handles one block and the GPU is fully utilized.
The node level performance results are presented in Figure 11.
Again, we introduce the LBM bandwidth roofline to get an es-
timation for the theoretically maximum performance for our
LBM kernel. It is computed by the measured bandwidth of
the four GPUs, which is 4 ·1366 GB/s, divided by the number
of memory accesses to end up with a maximum performance
of 18092 MLUPS. The LBM kernel for Scenario B with a
low number of boundary cells reaches 16916 MLUPS, which
is over 93 % of the maximum achievable performance. The
same code for Scenario A is 5% slower, which is again be-
cause of the higher number of boundary cells in the domain.

For the PSM kernel without rotation, we observe the same
performance as for the LBM kernel for Scenario B, and even
a speed-up for Scenario B. The higher number of boundary
cells seems to have no effect on the superior performance of
the PSM code.

The handling of the rotation of the geometry shows a to
the CPU results comparable impact on the performance, with
10% performance loss for Scenario A and 8% performance
loss for Scenario B. Again, a higher super-sampling factor
seems not to have additional costs in terms of MLUPS.

We conclude, that we managed to implement a handling for
complex moving geometries on CPUs and GPUs, which in-
troduces only a low performance penalty when using the PSM
compared to an efficient LBM algorithm, with the difference,
that for the standard LBM step, the rotation / translation of the
geometry is not handled yet. So one would need some costly
PDF reconstruction algorithms, which we can fully avoid by
exploiting the PSM.

Visualization/ performance optimization by P. Suffa, presented at 
DSFD conference. Best paper award.

Holzer, M., Staffelbach, G., Rocchi, I., Badwaik, J., Herten, A., Vavrik, R., Vysocky, O., Riha, L., Cuidard, R., Ruede, 
U. (2023). Scalable flow simulations with the Lattice Boltzmann method. In Proceedings of the 20th ACM 
International Conference on Computing Frontiers (pp. 297-303).
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Wind turbine simulations - mesh refinement

Static refinement 
Automatic refinement around wind 
turbines 
Optionally: refinement at boundaries, 
user-defined boxes 
Gradient-based vs. Vorticity-based 

Dynamic refinement 

Refinement criteria based on flow 
field 
AMR-GPU version available, 
continuing development

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Schottenhamml, H., Anciaux Sedrakian, A., Blondel, F., Köstler, H., Rüde, U. (2024). waLBerla-wind: A lattice-
Boltzmann-based high-performance flow solver for wind energy applications. Concurrency and Computation: 
Practice and Experience, 36(16), e8117.



Simulation of a „suction bucket“ Alternative method for building the 
foundations for off-shore wind 
turbines 
Suction bucket: Reverse cup with 
low pressure forces flow around 
edges 
Fluidization sucks the bucket into 
the sand 
Simulation domain:  
4000 x 200 x 6000 cells 
4 million LBM time steps for ca 20 
seconds physical time 
500 000 particles  
(each approximate 20 cells 
diameter) 
40h run time on 64 LUMI-G nodes = 
256 GPUs

39Parallel Solution of Large FE Problems  -  Ulrich Ruede

Suffa, P., Kemmler, S., Koestler, H., Ruede, U. (2025). Large-scale simulations of fully resolved complex moving geometries with 
partially saturated cells. Physics of Fluids, 37(5). 
Kemmler, S., Cuéllar, P., Artinov, A., Luu, L. H., Farhat, A., Philippe, P., Köstler, H. (2025). A fully-resolved micromechanical 
simulation of piping erosion during a suction bucket installation. Computers and Geotechnics, 186, 107375.

In collaboration with BAM 
(Bundesanstalt für Materialforschung und -prüfung)
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What is the fastest solver for 
Poisson’s equation?

Parallel Solution of Large FE Problems  -  Ulrich Ruede

Lets step back an ask: 
where do we stand?
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Are these basics trivial or not?
When teaching linear algebra we insist that students learn: 

Gaussian elimination costs  
But for PDE? Even when we limit ourselves to: 

Poisson’s equation in the unit square with  
5-point discretization of the Laplace operator 
Complexity metric: FLOPS 

With this: What is the cost of solving the discretized Poisson equation on a grid 
with 

… what is the best algorithm known today? 
In any case: I insist on the constant, multiplying the dominating term 

When the complexity is (almost) linear, the constant is the critical quantity 

Parallel Solution of Large FE Problems  -  Ulrich Ruede

<latexit sha1_base64="wVEFDg+2t5xoNoXXUCWsNvFWWcE="></latexit>

⇠ 2

3
n3 FLOPS

<latexit sha1_base64="rd1/DzIGn2z3idWLFL0vzGHeP6U="></latexit>n = nx ⇥ ny unknowns?



If we use full multigrid

Summarizing: We should be solving the 2D Poisson equation 
to discretization error accuracy 
with 30 Flops per unknown!  
in the model case, FMG-V(2,1) cycles are enough to 
achieve asymptotic optimality TERRA NEO

TERRA 42Parallel Solution of Large FE Problems  -  Ulrich Ruede
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for respective reentrant corners. Here denote polar coordinates with respect
to the singular point; an is the inner angle of the domain at this point (see Ta�
ble 10.2).

As we have seen in Table 10.1, the convergence factors of the multigrid iteration
deteriorate with increasing a for the domains with reentrant corners (1 < a 2).
The question arises, whether the corresponding convergence speed is still sufficient
for the satisfactory performance of FMG (cf. the influence of nr in the estimation
(6.10)). For this, one should notice that the discretization error becomes larger
for increasing a also. This means that the value of K1 in (6.7) is smaller than
2 in these cases. More precisely, the following estimate is valid [66J: For any
1 a 2 and any s>o there exists a constant C such that

2 2s
2 2s ­ 1. + O(ha ) ifR fixeds

­ I C ha R a 1 (10.4)s
O(ha ) if R = O(h).

Therefore, the loss of MG convergence speed is ­ so to say ­ compensated by a loss
of discretization accuracy. The errors given in Table 10.2 show indeed that the
main objective of the FMG method, namely to obtain approximate solutions uh with
II uh ­ uh 11 2 II uh ­ u 11 2, is achieved for all examples considered. The same is
true for highly oscillatory solutions, see Table 10.3.

All results in Tables 10.2 and 10.3 refer to W­cycles. We have computed corre�
sponding errors II uh ­ uh 11 2 for V­cycles also (maintaining r = 1). The ratio
II uh ­ uh 11 2 / II uh ­ u 11 2 is larger then, but in all cases still 1. This means,
that V­cycles may also be employed in the cases considered.

The total computational work of MG01 in the FMG version (r=l) is less than

32.5JY additions, multiplications (if W­cycles are used)

22.ff additi ons, 8Jf multiplications (if V­cycles are used),
(10.5)

(neglecting lower order terms), where Jr is the number of grid points on the finest
grid. These numbers are independent of the shape of the domain. In particular, they
are the same as for a corresponding special program for rectangular domains. Concer�
ning the real computing times, this special program is, of course, faster than MG01
(for a given reasonableJr), as in MG01 additional work has to be performed due to
the more complicated grid structure. (As for computing times concerning programs on
rectangular domains, see MG00 [36J.)

From:  Stüben, K., Trottenberg, U. Multigrid methods: Fundamental algorithms, model problem 
analysis and applications, in vol. 960 of Lecture Notes in Mathematics. Springer Verlag, 1982



So, what is the cost of solving the discrete Poisson equation?
What is the best constant published? 

For Poisson 2D, second order: 
#Flops ~ 30 n          (Stüben, 1982) 

assume computer with 1 ExaFLOPS,  n=1012  
expected time to solution: Poisson 2D 
30*10-6 sec (30 micro-seconds!) 

standard computational practice in 2026 misses this by 
several orders of magnitude! 
Why do we have a huge gap between theory and practice?  
We need a failure analysis! 
Has the deflation of computational cost lured us into mis-developments? 

Extreme Resilient Multigrid    -    Uli Rüde

TERRA NEO
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Happy Birthday Zdenek!

Vše nejlepší!
44Parallel Solution of Large FE Problems  -  Ulrich Ruede

Thanks for your attention!


