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Contributions

1. General framework for preconditioned conjugate gradient (PCG).

2. Forward and backward error bounds for PCG.

3. Extension of bounds to incorporate mixed precision.
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CG method

• 𝐴𝑥 = 𝑏,   𝐴 ∈ ℝ𝑛×𝑛  symmetric positive definite (SPD), 

large and sparse,  𝑏 ∈ ℝ𝑛 .
Algorithm 1: The CG algorithm

1 𝑟0 = 𝑏 − 𝐴𝑥0,  𝑝0 = 𝑟0

2 for 𝑘 = 0, 1, …, 𝑛max

3 𝛼𝑘 = 𝑟⊤
𝑘 𝑟𝑘

𝑝⊤
𝑘 𝐴𝑝𝑘

4 𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘 𝑝𝑘

5 𝑟𝑘+1 = 𝑟𝑘 − 𝛼𝑘 𝐴𝑝𝑘

6 Stop when stopping criterion is satisfied

7 𝛽𝑘+1 = 𝑟⊤
𝑘+1𝑟𝑘+1

𝑟⊤
𝑘 𝑟𝑘

8 𝑝𝑘+1 = 𝑟𝑘+1 + 𝛽𝑘+1𝑝𝑘

end for
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CG method

CG1

Projection process

𝑥𝑘 ∈ 𝑥0 + 𝒦︀𝑘 (𝐴, 𝑟0)

𝑟𝑘 ∈ 𝒦︀𝑘 (𝐴, 𝑟0)⟂

Gauss-Christoffel quadrature

∫
𝑏

𝑎
𝑝(𝜆) d𝜔(𝜆) = ∑

𝑛

𝑗=1
𝜔(𝑛)

𝑗 𝑝(𝜆𝑗)

Lanczos process

𝐴𝑉𝑘 = 𝑉𝑘 𝑇𝑘 + 𝜂𝑘+1𝑣𝑘+1𝑒⊤
𝑘

Quadratic functional minimization

arg min
𝑧∈ℝ𝑛

𝑓(𝑧), 𝑓 (𝑧) ≔ 1
2

𝑧⊤𝐴𝑧 − 𝑧⊤𝑏

Orthogonal polynomials

𝜓𝑛 (𝜆) = ∏
𝑛

𝑗=1
(𝜆 − 𝜆𝑗)

1Idea of graphic taken from Petr Tichý.
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Preconditioning and PCG

Algorithm 1: The CG algorithm

1 𝑟0 = 𝑏 − 𝐴𝑥0,  𝑝0 = 𝑟0

2 for 𝑘 = 0, 1, …, 𝑛max

3 𝛼𝑘 = 𝑟⊤
𝑘 𝑟𝑘

𝑝⊤
𝑘 𝐴𝑝𝑘

4 𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘 𝑝𝑘

5 𝑟𝑘+1 = 𝑟𝑘 − 𝛼𝑘 𝐴𝑝𝑘

6
Stop when stopping criterion is 

satisfied

7 𝛽𝑘+1 = 𝑟⊤
𝑘+1𝑟𝑘+1

𝑟⊤
𝑘 𝑟𝑘

8 𝑝𝑘+1 = 𝑟𝑘+1 + 𝛽𝑘+1𝑝𝑘

end for

SPD preconditioner

𝑀 = 𝑀𝐿 ⋅ 𝑀𝑅 ∈ ℝ𝑛×𝑛
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• 𝑀−1
𝐿 𝐴𝑀−1

𝑅  must be SPD with respect to an inner product.
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• 𝑀−1
𝐿 𝐴𝑀−1

𝑅  must be SPD with respect to an inner product.

• Example: Let 𝑀 = 𝐿𝐿⊤ be the Cholesky factorization of 𝑀.

Scheme

Left 𝑀𝐿 = 𝐿𝐿⊤ 𝑀𝑅 = 𝐼𝑛

Right 𝑀𝐿 = 𝐼𝑛 𝑀𝑅 = 𝐿𝐿⊤

Split 𝑀𝐿 = 𝐿 𝑀𝑅 = 𝐿⊤
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Forward and backward error bounds

‖Δ𝑥‖𝒳︀ ‖𝑦 − 𝑦̂‖𝒴︀

𝑓

𝑓

𝑥

𝑥 + Δ𝑥

𝑦 = 𝑓(𝑥)

𝑦̂ = 𝑓(𝑥 + Δ𝑥)
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Previous work on finite precision Lanczos / CG

(Paige 1976, 1980)

.

(Greenbaum 1989)

𝜆
|

𝜆̄𝑗−2 𝜆̄𝑗𝜆̄𝑗−1 𝜆̄𝑗+1
××× ×

.

(Greenbaum 1997)

‖𝑏 − 𝐴 ̂𝑥𝑘 ‖ ≤ ‖𝑏 − 𝐴 ̂𝑥𝑘 − ̂𝑟𝑘 ‖ + ‖ ̂𝑟𝑘 ‖ ⟶
‖ ̂𝑟𝑘‖→0

‖𝑏 − 𝐴 ̂𝑥𝑘 − ̂𝑟𝑘 ‖

‖𝑏 − 𝐴 ̂𝑥𝑘 − ̂𝑟𝑘 ‖ ≤ 𝑂(𝑛𝑘𝒖) ‖𝐴‖ max
𝑗≤𝑘

(‖ ̂𝑥𝑗‖, ‖𝑥‖)

. .

‖ ̂𝑟𝑘 ‖ ≤ ?

5 / 15
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Preliminaries

• Let the symbol ̂⋅ denote quantities computed in finite precision. Assume 𝑛𝒖 < 1, where 𝒖 denotes the unit roundoff.
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Preliminaries

• Let the symbol ̂⋅ denote quantities computed in finite precision. Assume 𝑛𝒖 < 1, where 𝒖 denotes the unit roundoff.

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘 𝑝𝑘

̂𝑥𝑘+1 = ̂𝑥𝑘 + 𝛼̂𝑘 𝑝̂𝑘 + Δ ̄𝑥𝑘+1 + Δ𝑥𝑘+1, ‖Δ ̄𝑥𝑘+1‖ ≤ 𝒖‖ ̂𝑥𝑘 ‖,

‖Δ𝑥𝑘+1‖ ≤ 𝑂(𝒖)|𝛼̂𝑘 |‖𝑝̂𝑘 ‖.
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𝑅 )
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2 ] ≤ 1
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,
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Mixed precision bounds

Corollary . Let 𝒖𝑠 , 𝒖𝑞 , and 𝒖𝑧  denote the unit roundoff values associated with the precisions involved in the application of the 

preconditioners 𝑀𝐿, 𝑀𝑅 , and 𝑀⊤
𝑅 , respectively. If 𝑂(𝑛𝒖)𝜅(𝐴) + 𝑂(𝑛𝒖1)𝜅(𝑀)𝑚1 ≤ 1

2 , where

𝒖1 = {
𝒖𝑠  for left PCG,
𝒖𝑧  for right PCG,
(𝒖𝑠 + 𝒖𝑧)  for split PCG,

 and 𝑚1 = {
3
2

 for left or right PCG,
1
2

 for split PCG,

then there exists an iteration step 𝑘⋆ such that 𝑓( ̄𝑥𝑘⋆ ) − 𝑓( ̄𝑥𝑘⋆+1) ≤ 𝑂[𝑛2(𝑘⋆)2𝒖2]𝛼̂𝑘⋆ ‖𝐴‖2‖𝑀−1‖‖𝑥‖2
 holds.

Furthermore, if 𝑘⋆ satisfies

𝑂[𝑛(𝑘⋆ + 1)𝒖]𝜅(𝐴)
1 − 𝑂(𝑛𝒖)𝜅(𝐴)

+ 𝑂(𝑘⋆ + 1)𝒖2𝜅(𝑀)𝑚2 + 𝑂[𝑘⋆(𝑘⋆ + 1)𝒖]𝜅(𝑀)
1
2 𝜅(𝑀−1

𝐿 𝐴𝑀−1
𝑅 )

1
2 ≤ 1

2
,

where

𝒖2 = {

𝒖𝑠  for left PCG,
(𝒖𝑞 + 𝒖𝑧)  for right PCG,

(𝒖𝑠 + 𝒖𝑞 + 𝒖𝑧)  for split PCG,
 and 𝑚2 = {

3
2

 for left or right PCG,
1 for split PCG,

then there exists an iteration step 𝑖 ≤ 𝑘⋆ such that bounds (1) - (3) hold.
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• potentially apply the preconditioners in different precisions, and

• our forward and backward error bounds still hold!
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Numerical experiments

• Given 0 < 𝜆1 < 𝜆𝑛 :  𝐴 = diag(𝜆1, 𝜆2, …, 𝜆𝑛),

𝜆𝑖 = 𝜆1 + 𝑖 − 1
𝑛 − 1

(𝜆𝑛 − 𝜆1)𝜌(𝑛−𝑖), 𝑖 = 2, …, 𝑛 − 1, 𝜌 ∈ [0, 1].

1We follow the settings described in (Carson, Liesen, and Strakoš 2024), and (Vieublé 2022) for these constructions.
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, …,

𝜆𝑛

𝜆𝑗
},

for some chosen value of 𝑗.

• We set 𝑛 = 85,  𝑏 = 1
√𝑛

⋅ [1, …, 1]⊤
, 𝑥0 = [0, …, 0]⊤ for all the experiments.

• We also fix 𝜆1 = 1, 𝜆𝑛 = 105, and 𝜌 = 0.6 ⟹  accumulation of eigenvalues to the left.

1We follow the settings described in (Carson, Liesen, and Strakoš 2024), and (Vieublé 2022) for these constructions.
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Left PCG

• Set 𝑗 = 55
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Arithmetic Unit roundoff Smallest subnormal number
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fp32 (single) 5.96 × 10−8 1.40 × 10−45

fp64 (double) 1.11 × 10−16 4.94 × 10−324

11 / 15



Contributions CG method Preconditioning and PCG Forward and backward error bounds Extension to mixed precision Numerical experiments

Left PCG

• Set 𝑗 = 55

Arithmetic Unit roundoff Smallest subnormal number

bfloat16 3.91 × 10−3 9.18 × 10−41

fp16 (half) 4.88 × 10−4 5.96 × 10−8

fp32 (single) 5.96 × 10−8 1.40 × 10−45

fp64 (double) 1.11 × 10−16 4.94 × 10−324

fp16

bfloat16

sign bit

exponent bits

significand bits

11 / 15



Contributions CG method Preconditioning and PCG Forward and backward error bounds Extension to mixed precision Numerical experiments

Split PCG comparison

• Set 𝑗 = 65.

Algorithm 2 (Saad 2003, Algorithm 9.2)
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Split PCG comparison

Algorithm 2

𝑟𝑘+1 = 𝑟𝑘 − 𝛼𝑘 𝐴𝑝𝑘

𝑠𝑘+1 = 𝑀−1
𝐿 𝑟𝑘+1

‖𝑏 − 𝐴 ̂𝑥𝑘 − ̂𝑟𝑘 ‖ ≤ (𝑛𝑘𝒖)‖𝐴‖ max
𝑗≤𝑘

(‖ ̂𝑥𝑗‖, ‖𝑥‖)

(Saad 2003, Algorithm 9.2)

𝑟𝑘+1 = 𝑟𝑘 − 𝛼𝑘 𝑀−1
𝐿 𝐴𝑝𝑘

‖𝑏 − 𝐴 ̂𝑥𝑘 − ̂𝑟𝑘 ‖ ≤ ‖𝐴‖ ⋅ max
𝑗≤𝑘

(‖ ̂𝑥𝑗‖, ‖𝑥‖)[𝑂(𝑛𝑘𝒖) + 𝑂(𝒖𝑠)𝜅(𝑀𝐿)]
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Thank you for your attention!
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