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The conjugate gradient method



CG method
CG method

e Ax =b, A€ R™" symmetric positive definite (SPD),
large and sparse, b € R".

Algorithm 1: The CG algorithm

1 rozb_AXO, pozro

2 fork =0,1,...,Nn .«
rg i
P Apk

3 O(k ==
4 Xp1 = X T by

5 I = e — o Apy

6  Stop when stopping criterion is satisfied

rT r

7 B — "k+1'k+1
k+1 — rTr
k "k

8  Pyy1 = k1 + Brr1bx

end for
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CG method
CG method

e Ax =b, A€ R™" symmetric positive definite (SPD),
large and sparse, b € R".

e Mathematically, the residual vectors
Fo» M5 -ees I
and the direction vectors
pO? p17 seey pk

form orthogonal bases of K, (A, rg) with respect to
the Euclidean and A-inner products, respectively.

Algorithm 1: The CG algorithm

1 ro:b_AXO, pozro
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CG method

Projection process

Xe € Xo + K (A 1g)
re € Ky (A, ro)l

Gauss-Christoffel quadrature

[ cwm =3t

a =1

Lanczos process

AV, =V, T + MaVirr€

Orthogonal polynomials

4= TT(A- )

=1

Quadratic functional minimization

ArEminflz) fle)im—zT Az —zTh
ZERN 2

'Idea of graphic taken from Petr Tichy.

Numerical experiments
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Preconditioned conjugate gradient



Preconditioning and PCG

Preconditioning and PCG

Algorithm 1: The CG algorithm

1 t’0=b—AXo, po=l’0

2 fork =0,1,..., Ny
T

3 O(k = Q(rk

Py APy
4 Xp1 = X+ APy
5 I =~ o Apy
5 Stop when stopping criterion is

satisfied
.

_ TkstTk+1

7 Bk =T
k "k
8 Pt = Fks1 + Brsab
end for

SPD preconditioner

—

M=ML_MR€RHXH
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satisfied
.
_ TkstTk+1
7 Bk =T
k "k
8 Pt = Fks1 + Brsab
end for

SPD preconditioner

—

M=ML_MR€RHXH

Algorithm 2: The PCG algorithm

-1 -1
ro = b_AXO, 50 = ML ro, qo = MR 50,
1
—M-T —
zo=Mg ro, Po=14do
2 fork =0,1,..., Npax
Z’ISk
P APy

3 O(k =

4 Xegr = X+ by

5 Mewr = — A Apg

6  S...=M7T1r =M;1s Zeoa =M Tr
k+1 = ML Tt A1 = MRSkt Zket = Mg Ty

7  Stop when stopping criterion is satisfied

T
Zk+15k+1
T
Zk Sk

9 Pkt = Gks1 + BraPr

8 By =

end for
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5 I =~ o Apy
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7 Bk =T
k "k
8 Pt = Fks1 + Brsab
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[M[lAM,;ly =M'b, x=Mgly ]

SPD preconditioner

—

M=ML_MR€RHXH

o M[*AMz! must be SPD with respect to an inner product.
e Example: Let M = LLT be the Cholesky factorization of M.

Scheme
Left
Right
Split

Algorithm 2: The PCG algorithm

N

-1 -1
t’0=b—AX0, SOZML ro, qonR 50,

— M-T _
Zo=Mg 1o, Po=4dp
fork =0,1,..., Npay
Z’ISk
P APy

O(k=

Xier1 = X + 0Py

Mev1 = M — O APy

_ -1 _ -1 _a-T
Sket = ML Mt Gksr = MR7Sksts Zker = MR M

Stop when stopping criterion is satisfied

T
B _ Zk+15k+1
k+1 — T
Zk Sk

Picr1 = A1 + BiraPx

end for

M, =LLT
ML:In
ML=L

MR - In
Mg = LLT
MR - LT
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Preconditioning and PCG

Algorithm 1: The CG algorithm

1 r0=b—AX0, pozro

1
Zo=Mzry, P =
2 fork =0,1,..., Ny 0 R o Po=do
rr 2 fork =0,1,..., Npax
3 ak = 'I!( T
Py APk 3 o= 2k Sk
SPD preconditioner Py Api
4 Xpr = X T Py P
4 Xy = X Py
5 nai=r-—oA >
k+1 k k pk 5 rk+1=rk—akApk
. . . M=M, -M, € R™n B _ _
6 Sto.p when stopping criterion is L MR 6 S =M s Geer = MR Se1s Ziss = MR reas
satisfied 7  Stop when stopping criterion is satisfied
.
Mkratk+1 T
7 = —- _ Zk+15k+1
Bk+1 r,;Frk 8 B = Z0 s
8 Prs1 = i1 + Bisabi 9 Prs1 = Ais1 T BrsaPi
end for end for
Scheme
[M[iAM,giy =M'b, x=Mgly ]
Left M, = LLT Mp =1,
o M 1AM must be SPD with respect to an inner product. Right M =1, Mg =LLT
e Example: Let M = LLT be the Cholesky factorization of M. Split M =L Mg = LT

Algorithm 2: The PCG algorithm

-1 -1
t’0=b—AX0, SO:ML ro, qonR 50,

What can we say about this algorithm in finite precision?
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Forward and backward error bounds

f
X > y =f(x)

IMMul l”v—ﬂb

X + Ax > ¥ =f(x+ Ax)




Forward and backward error bounds

Previous work on finite precision Lanczos / CG

(Paige 1976, 1980)

(Greenbaum 1997)

. . . ~ n IFl=0 ~ ~
[b - AR || < [[b— A% = 7|l + [|7 — b - A%, -7 ||

| Ix1l)

|b = A%, — 7 ]| < O(nku) A r?sa\kx(|

X

A )\j714 A Ay ”A ” <?
|

Iy

(Greenbaum 1989)

5/15



Contributions CG method Preconditioning and PCG Forward and backward error bounds Extension to mixed precision Numerical experiments

Preliminaries

e Let the symbol * denote quantities computed in finite precision. Assume nu < 1, where u denotes the unit roundoff.

6/ 15



Contributions CG method Preconditioning and PCG Forward and backward error bounds Extension to mixed precision Numerical experiments

Preliminaries

e Let the symbol * denote quantities computed in finite precision. Assume nu < 1, where u denotes the unit roundoff.

Xip1 = X + QePy + DXyyq + DXyi,  [1AX 441l < ullXill,

Xep1 = X+ Q i a, |||p
k+1 = X + by 1A% 441l < O(u)[ay 11D Il

6/ 15



Contributions CG method Preconditioning and PCG Forward and backward error bounds Extension to mixed precision Numerical experiments

Preliminaries

e Let the symbol * denote quantities computed in finite precision. Assume nu < 1, where u denotes the unit roundoff.

Xip1 = X + QePy + DXyyq + DXyi,  [1AX 441l < ullXill,

Xer1 = X+ Q - ~ e
ket = Xie T QP 1A%, 41l < O(U)|& 1By

e Define the recurrence Xy = Xg, X1 = X + @Dy + DXppq.

6/ 15



Forward and backward error bounds

Preliminaries

e Let the symbol * denote quantities computed in finite precision. Assume nu < 1, where u denotes the unit roundoff.

Xip1 = X + QePy + DXyyq + DXyi,  [1AX 441l < ullXill,

Xep1 = X + @ - ~ e
ket = Xie T QP 1A%, 41l < O(U)|& 1By

o Define the recurrence Xy = Xy, Xgp1 = X + 0Py + DX yq-

e Recall that CG minimizes f(z) = %ZTAZ —Z"b. Then

6/ 15



Forward and backward error bounds

Preliminaries

e Let the symbol * denote quantities computed in finite precision. Assume nu < 1, where u denotes the unit roundoff.

Xip1 = X + QePy + DXyyq + DXyi,  [1AX 441l < ullXill,

Xep1 = X + @ - ~ e
ket = Xie T QP 1A%, 41l < O(U)|& 1By

o Define the recurrence Xy = Xy, Xgp1 = X + 0Py + DX yq-

e Recall that CG minimizes f(z) = %ZTAZ —Z"b. Then

f(%) = F(Xir1) = _%ak(l + 80 )Py l1Z,-s + SFy

where éa; and &f, are bounded error terms.

6/ 15
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Preliminaries

e Let the symbol * denote quantities computed in finite precision. Assume nu < 1, where u denotes the unit roundoff.

Kiy1 = Xy + QPy + DXyyq + BXyyq, 1AX 4]l < ullXl,
X =X, +Q —-———— o a
ket = Xie T QP 1A%, 41l < O(U)|& 1By

e Define the recurrence Xy = Xg, X1 = X + @Dy + DXppq.

e Recall that CG minimizes f(z) = %ZTAZ —z"b. Then

f(%c) = f(Xr1) = —%ak(l + 80 )Py l1Z,-s + SFy

where éa; and &f, are bounded error terms.

Key result:

[ Onuk(A) + 2¢52 <1/2 = 3K* 2 1 f(Xe) = F(Reosa) < O[n2(k*)?u? | AIRIM 21X ]
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Main result’

Furthermore, if k* satisfies

O[n(k* + 1)u]k(A)
1 — O(nu)x(A)

1
+O(k* +1)[e5d + €52 + Ol (k* + 1)u]K(M)%[1 + k*K(ML-lAM,gl)Z] <

1
27

then there exists an iteration step i < k* such that

*(B., Carson, and Ma 2025, Theorem 2)
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O[n(k* + 1)U]K(A) * s, s,z % 1 . _ it
1 — O(nu)k(A) +O(k* + 1)[ a) Eé,re)] + O[(k* + 1)ulk(M)2 [1 +k K(M,_ 1AMRl)

<

1
2,

then there exists an iteration step i < k* such that

4 N\
I7 1%,
< 0|n(k*)?ulk(M)2 max 1],
paTq < Ol ulivz ,<k*+1(||x||
% [ b - A%l 1 _ lb= A 1%l
. O < < O|n(k*)“u[k(M)2 max 1],
| TATRT= o1 ) < WA < Lk Y i ma |
X — X Ix — X:
1 [” ”Al b = &l < O[n(k*)?ulx (M)2k(A)2 max (" il 1)
caz L agz s Il
o J

*(B., Carson, and Ma 2025, Theorem 2)
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Contributions CG method

Main result’

Furthermore, if k* satisfies

Preconditioning and PCG

Forward and backward error bounds

Extension to mixed precision

O[n(k*™ + 1)u]k(A)

1 — O(nu)x(A)

+0(k* +1)[e

59 + 52| + Ol (k* + 1)u]K(M)%[1 + k*k(M;tAMR?)

then there exists an iteration step i < k* such that

Vs

IIA ”

]K(M)z max (” gl 1)

IxI”

j<k*+1

< 0|n(k*)?
A1l [
%1l [ 16— A%l | _ b= A%l
Il LA+ Nibll ATl
1 [ =%illa] I = >?-||A
]I
k(A)2 OO I VY Y]

< O[n(k*)2u]k(M)2

o[n(k* ] (M)2k(A)z

max
j<k*+1

2 max
j<k*+1

1%l

TIxII

(v

111l
11"

)
)

Remarks:

*(B., Carson, and Ma 2025, Theorem 2)

Numerical experiments
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Main result’

Furthermore, if k* satisfies

O[n(k* + 1)u]k(A) . 1 11 1
(s,q) (s,2) * = * -1 -1\2 =
ool 1)[elsd + €52 + Ol(k* + 1)u]K(M)2[1+k k(M AMRY)? | < 2,
then there exists an iteration step i < k* such that
4 N\
171l X ,||
<0 k* M)2 max 1,
Ay < Oln( V2 max (o
[1%;]] [ Ib — AX;]| Ib — AXill lIX 1”
: T < O|n(k* K(M)2 max 1),
IxIl - LITATI; I+ bl AT [ ()’ ] s\ Ixl”
X — % X — % 1%
1 . I “Al < I : :”A < O[n(k*)Zu]K(M)%K(A)% ‘max _J,]_ .
«ar LI I g e
\\ J

Remarks:

¢ Influence of problem size n and iteration steps k are usually overestimates.

*(B., Carson, and Ma 2025, Theorem 2)
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Forward and backward error bounds

Main result’

Furthermore, if k* satisfies

O[n(k* + 1)uk(A) * (5.a) o (5.2) * 1 x(m-1am=1\2 ] < 1
o aC 1)[eld + €52 + Ol(k* + 1)u]K(M)2[1 + k(M7 AME?)? | < ~
then there exists an iteration step i < k* such that
e a
II7; ] 1 1%l
<0 k* M)z max | —, 1], 1
AT < Ol ul) isk*+1( I &
1l [ Ib — Ax;]| Ib — A% lIX ;”
: e < O|n(k*)*u|k(M)z max .1, 2
XUl LA+ NIl LAl [ ()’ ] (X jekr+1\ [IxII” e
X — X X —X: X;
L [” ”Al b= %l < O[n(k*)?u]k(M)zk(A)2 max (u 1). (3)
caz L agz foeety
\ J

Remarks:
¢ Influence of problem size n and iteration steps k are usually overestimates.
e The iteration step k™ is unknown.

e Forward and backward errors are small when f(X,) — f(X,.1) is sufficiently small for some k > 1.

*(B., Carson, and Ma 2025, Theorem 2)
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bfloat16
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[ Main idea: Strategic combination of different computer arithmetics to achieve high accuracy at lower cost. ]

*(Carson and Mary 2025)
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Extension to mixed precision

[ Main idea: Strategic combination of different computer arithmetics to achieve high accuracy at lower cost. ]

fp64

fp32

fplé [T

P ( Real world phenomena )
bfloat16 [T

[ signbit [] exponentbits [] significand bits

Figure 1: Source: https:/www.comsol.com

Approach: Perform rounding error analysis and identify precision
requirements for different parts of computation.

A
e Low precision: Reduce computation and communication costs. [ Discretization j
e When:* For instance, when the finite precision error is small compared \
to other sources of error. Computation [Ax =b - AX = b]

Our context: Can we apply the preconditioners in low precision?

[ Mathematical model ] [ V2.g =-4nGp ]

*(Carson and Mary 2025)
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Extension to mixed precision

Mixed precision bounds

p
Corollary . Let u,, u,, and u, denote the unit roundoff values associated with the precisions involved in the application of the
preconditioners M;, M, and Mg, respectively. If O(nu)k(A) + O(nu, )k(M)™ < % where

u, for left PCG,
u, =1{u, for right PCG, and m, =
(us +u,) for split PCG,

for left or right PCG,
for split PCG,

NI=N W

then there exists an iteration step k* such that f (X ) = f(Xex41) < O[nz(k*)zuz]51k*||A||2||’V1_1||||X||2 holds.
Furthermore, if k* satisfies

O[n(k* + 1)u]k(A)
1 — O(nhu)x(A)

1
2

+ O(k* + 1)u,k(M)™ + O[k* (k* + 1)u]K(M)%K(M[ 1AM51) =

1
2 ’
where

u, for left PCG,

u. + Uz) for right PCG, 4ng Iy = % for left or right PCG,

u, =
=1 (v , 1 for split PCG,
(us +u, + uz) for split PCG,

then there exists an iteration step i < k* such that bounds (1) - (3) hold.

\
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then there exists an iteration step k* such that f (X ) = f(Xex41) < O[nz(k*)zuz]dk*||/‘\||2||’V7_1||||X||2 holds.

Furthermore, if k* satisfies

O[n(k* + 1)u]k(A) . " N 1ot ang-1\s _ 1
T omaA O+ D)ua(M)™ + Ol (k* + 1)ulk(M)2k (M AMR)? < >
where
u, for left PCG,
7, = (Uq + Uz) for right PCG, ang m, = % for IefF or right PCG,
) 1 for split PCG,
(us +u, + uz) for split PCG,
then there exists an iteration step i < k* such that bounds (1) - (3) hold.
" _J

Main point: If some conditions are met, we can
e potentially apply the preconditioners in different precisions, and

e our forward and backward error bounds still hold!
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Numerical experiments

e Given0O< Ay < A,: A=diag(Ay, Ay, .. A,),

i—1
n-—1

A=A+ (A, = A", i=2,.,n-1, pe]0,1].

"We follow the settings described in (Carson, Liesen, and Strako$ 2024), and (Vieublé 2022) for these constructions.
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i—1

)\i=)\1+n_1

(A, = A", i=2,.,n-1, pe]0,1].

e Forje{23,..,n}wesetM =diag(Ay,..., Aj_1, A, ...

,A;),and let M = LLT:,

e In exact arithmetic, the matrices M2 A, AM~! and L7 AL™T are similar with the spectrum

A A2 A,

R R )
AN A

S=11,

for some chosen value of j.

'We follow the settings described in (Carson, Liesen, and Strakos 2024), and (Vieublé 2022) for these constructions.
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Numerical experiments

Numerical experiments

e Given0 <A, <A, : A=diag(Ay, Ay, Ay),

[ )\i = )\1 + :,__jj-_(An - Al)p(n_i)’ i = 2,---vn - 1’ pE [O’ 1] J

Forj € {2,3,...,n} we set M = diag(Aq, ..., Aj_i, )\j, .

2 A;), and let M = LLT:,

In exact arithmetic, the matrices M~1A, AM~™! and L7 AL™T are similar with the spectrum

Aiyr Ajy2 A, ]

iy , iy - A,

S=11,

for some chosen value of j.

1.

We setn =85, b= [1,... 1]T, Xy = [0, ...,0]" for all the experiments.

B

We also fix \; =1,A, =10°,andp =0.6 = accumulation of eigenvalues to the left.

'We follow the settings described in (Carson, Liesen, and Strakos 2024), and (Vieublé 2022) for these constructions.
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Left PCG

o Setj=55
1075
1075
= =
% i 10—10_
=107 =
= &
. T
|
= =105,
10—15_
0 1000 2000
k
ofp64 <fp16 - un(M)/’k(A)*

/-fp32 <bfloat16 - ur(M)"?
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Contributions

Left PCG

CG method

[z — 2[4/ (I1A]]"]]a])

Arithmetic
bfloat16
fp16 (half)
fp32 (single)
fpé4 (double)

Preconditioning and PCG

Forward and backward error bounds Extension to mixed precision

e Setj=55

g

10—10_

10—15_

10751

10—10_

10— AZ,|/(1Allll=A])

10—15_

3.91x107°
4.88x107*
596 x 1078
1.11x107%

9.18x 1074
596 x 1078

1.40 x 1074

4.94 x 107324

2000

ofp64 <fp16 - un(M)/’k(A)*
/-fp32 <bfloat16 - ur(M)"?

Unit roundoff Smallest subnormal number

Numerical experiments
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Left PCG

CG method

[z — 2[4/ (I1A]]"]]a])

Arithmetic
bfloat16
fp16 (half)
fp32 (single)
fpé4 (double)

Preconditioning and PCG Forward and backward error bounds Extension to mixed precision
e Setj=55
10754
107°
=
= 1071,
10714 <
&
<t
L
------------- - 1 0—15 1
10—15_
!
E%DDZDDDDDD
2000 0 1000 2000
k
ofp64 <fp16 - un(M)/’k(A)*
/-fp32 <bfloat16 - ur(M)"?
Unit roundoff Smallest subnormal number O sign bit
391x1073 9.18x 1074 fp16 (I
4.88x107* 596 x 1078 [  exponent bits
5.96 x 1078 1.40 x 1074 bfloat16  [JTITIIIIIITITIT]
1.11x107% 4.94 x 107324 [l significand bits

Numerical experiments
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Contributions CG method

Split PCG comparison

e Setj = 65.

[z — @ 4].4/ (1| A]]"]]a])

16— AZ||/ (I Alll]l])

107%4

10—10,

10—15_

10—5,
10—10_

10—15_

10—20,

Preconditioning and PCG Forward and backward error bounds Extension to mixed precision
Algorithm 2 (Saad 2003, Algorithm 9.2)
10754
10—10_
10—15_
0 100 200 300 0 100 200 300
k k
10—5_
10—10_
10—15_
. . ; . 10-20 L, . . :
0 100 200 300 0 100 200 300
k k

O (fp64,fp64) < (fp32,fp64) - uk(M)*k(A)"?
/- (fp64,ip32) < (fp32,fp32) - ux(M)"*

Numerical experiments
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Numerical experiments

Split PCG comparison

Algorithm 2 '
(Saad 2003, Algorithm 9.2)

My1 = M — A APy 4
_ M1 Mkvr = e — M~ Apy
Sk+1 = M Ty

o ) Ib — A%, — 7l < ANl - max(11% 11, 1x11) [O(nku) + O (u, )k (M
||b—Axk—rk||s(nku)nAnrpgkx(ux,-n,nxn) k= k ,Sk( il )| Jx(M)]
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Summary and open questions

Forward and backward error bounds for a mixed precision PCG algorithm.

Achieved using interconnections to other mathematical representations of CG.

Can we remove influence or bound the iteration step(s) k?

[=] perit [m]

Preprint available:

.

[=]

Thank you for your attention!
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