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Quadratic Programming (QP) Problem

1
arg min imTAm —zTb st zeQ
T

where A € R™*" is symmetric and Q is closed and convex.

Here A is also positive definite and Q = {z | z > 1}.

Applications:
contact problems, data denoising, machine learning, ice-sheet melting,...
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MPGP-type Algorithms: Ingredients

Active/Free set:

Alz) ={j: 2=} Fx)={j: | <z}
Gradient splitting (g = Az — b):
0 if jeWA, . 0 it jeF,
gj’.[ = L 95 = . e
gj if jeF. min(gj, 0) if jeA,

Projected gradient:
9" =g +4¢

Projection onto the feasible set Q:

[Pa(x)]; = max(l, ;).



MPRGP - Modified Prop. with Reduced Grad. Projections [Dostal, Schoberl '05]

Input: A, - € 2, b, T >0, a € (0,2||A]| 7]

1 gozAazo—b,pgzgg,k:O
2 while ||g7|| is not small:

3 if llggll < Tl|gfll

4 o/,;eas = max{a : ¢ — apy € Q}
5 o = g pi/p) Apy,

6 if a;g < akws:

7 Conjugate Gradient (CG) step
8 else:

9 Expansion step

10 else:

n Proportioning step

12 k=k+1

Output: x



MPRGP - Modified Prop. with Reduced Grad. Projections [Dostal, Schoberl '05]

Input: 4, 2y € Q, b, T >0, a € (0,2[|A||7Y]
1 gozAa:O—b,pgzgg,k:O
2 while ||g7|| is not small:
3> ifllggll < Tllggll
4 o/,;eas = max{a : ¢ — apy € O} CG step:
5 o = gl pr/p Apr | g = @ — apy
6 ifop’ < o™ 2 g1 = gk — 0 Apy
7 Conjugate Gradient (CG) step 3 B = p,?Agka/pEApk
8 2EE . 4 Pry1 = gf;rl — Bk
9 Expansion step
10 else:
1 Proportioning step
12 k=k+1
Output: xy ’




MPRGP - Modified Proportioning with Reduced Gradient Projections

Input: A, 20 € Q, b T >0 aec (0,2||A]|! .
P 0 a € (0,2]|4]I7] Expansion step:
190:A$0_bp0:gfk:0 feas
2 while ||gf|| is not small: VO T T P
if <T||g 2 g1 =gi— ol Ap,
3 ifflggll < Tllggll: kL k
4 fe‘“ = max{a: z — ap; € O} 3 o1 = Pol in+ g£ i)
2
5 % = g; Pr/P; APk 4 Gryr = Ampyy — b
g < eas,
6 Ifozk a, - 5 Pri1 = g£+1
7 Conjugate Gradient (CG) step
8 else:
9 Expansion step
10 else:
1 Proportioning step
12 k=k+1
Output: o, ¢




MPRGP - Modified Proportioning with Reduced Gradient Projections

Input: 4, - € Q, b, T >0, a € (0,2||A|| 7] .
Expansion step:
1 go= Azo— b, po = g, k=0 B [
2 while ||g]’|| is not small: DOy T a]’j s
eas
3 ifllggll < Tllgill 2 Gt = 96— AP
4 fe‘“ = max{a xp — apy € ) 3 o1 = Pol wk+ g]i 1
2
< :
6 i ozk a, - 5 Pyl = 9£+1
7 Conjugate Gradient (CG) step
8 else: Proportioning step:
9 Expansion step 1a,=g{ 97/(gp)" Agy;
10 else: 2 Ty = Ty — Qigy
11 Proportioning step 3 gri1 = gk — akAg;
12 k=k+1 4pk+1=9£+1
Output: x; ‘




MPRGP Q-linear and R-linear Convergence

Let a;, be generate by MRPGP, @y € , T > 0 and @ € (0, 2||A||~!]. Then

f(@r1) = F(@) < n(f(m) — f(@) and ||lay — B[4 < 20" (f(a0) - f(@)),
where x denotes the unique solution,

a)\min

77:1_79<1-|-f2)’

f:maX{F,F_l}, ¥ = 2max{al|A||,1}, &:min{a,ZHAH_l —a}.

NP =1-r(A4)" /4
forT=1anda = ||A||! 5



Preconditioning

1
arg min §mTA:1: —zTb st I<u,
T

where A € R™*" is SPD.

Apply SPD preconditioner
M=LL"

1
arg min iuTL_lAL_Tu —uTL™' st 1<L Tu,
u

with x = L~ Tu.



Preconditioned MPRGP

Input: A, M—1, 2o € Q, b, T >0,@ € (0,2]|4]] 1)
190=Amy—b z=M"g), po=2,k=0
2 while ||g7|| is not small:
3 if|lggll? < T2|gf||:
4 a{f“ — max{a | 5, — apy, € Q) Precond. CG step:
5 )t = ngzk/p,?Apk 1 Ty = T — o) Pi
6 if a9 < oo 2 gri1 = g — o Apy
7 Preconditioned CG step 3 Zpp =M k+1
8 else: 4 Br = pf Azpy1 /D] Api
9 Preconditioned expansion step 5 Pkt1 = Zk+1 — BrDk
10 else:
11 Preconditioned proportioning step
12 k=k+1
Output: ay v




Preconditioned MPRGP

Precond. Expansion step:
Input: A, M1, 2z € Q, b,T > 0,a € (0,2||A[| ) P o P
1 g0 = Ay — b, 20 = M~ g}, po = 20, k =0 1mk+%:w’“_o‘k i
2 while ||g?|| is not small: 2 gp1 = g — o Apy
3 iflgfll? < T g1 3 @1 = P, 1 — ag))
4 ol = max{a | & — apy € Q} ’
k = k Dk b g1 = AIB/H_I —-b
5 @’ = g, fe’“e{lf & APk 5 zpy =M lgl
6 if akg < ay 6 p —
1 = Zk+1
7 Precondltloned CG step
2 else: Precond. Proportioning step:
9 Preconditioned expansion step 1 Ozk = g; gk/(gk TAgk
10 else: 2 Tpy1 = @ — oyl
n Preconditioned proportioning step 3 Gkt1 = Gk — %dAgk
12 k=k+1 4 zpp1 = M1 et 1 ;
Output: x 5 Pk+1 = Zk+1




Preconditioning in Face [O’Leary 1980']

A is active set, F is free set

— M M
A — FF Mzry
Mar Mag

Precondition only on the free set
5 — ng — M 9;-' — 7F © gj;
o o o o

"Originally for Polyak’s algorithm [1969]




Approximate Preconditioning in Face
z= 25: =M! g;_— E= Irr O g;
o o O O

10



Approximate Preconditioning in Face
= Z;— = M! gé: = e O Mil g/][: assuming M~ 'is inverse
o o O O o

B ((M]-'J-'_ MFAM,Zi\MAJ-')lgé:) _ <Slg§r>

(]
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Approximate Preconditioning in Face
= <Z§:> =M ! <g§:> = <Iff 0) <gl][:) assuming M~ 'is inverse
o o O O

_ ((M]-'J-'_ MJ-‘AM,Zi\MAJ-')lgé:) _ <Slg§r>

(]

:<(ME + My Mra(Mas — MarMzrMra)~ 1MAfM}}r)gf;>
o

_ ((I+M FMraA(Maa — MAFME}MfA)lMAf)ME}gfr>
o
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Approximate Preconditioning in Face
= <Z§:> =M ! <g§:> = <Iff 0) <gl][:) assuming M~ 'is inverse
o o O O

_ ((M]-'J-'_ MJ-‘AM,Zi\MAJ-')lgé:) _ <Slg§r>

(]

:<(ME + My Mra(Mas — MarMzrMra)~ 1MAfM}}r)gf;>
o

_ ((I+M FMraA(Maa — MAFME}MfA)lMAf)ME}gfr>
o

let M = A and r = rank(M_47) then the preconditioned operator S~' Az has
eigenvalues
=XM==y <--- <\, 10



Eigenvalues - Inverse Precond. - Journal Bearing — 50x50 Grid Points (2500 DoFs)
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Approximate Preconditioning in Face Condition Number

Let M = A, the inner preconditioner be the inverse of M, and v be the
Cauchy-Bunyakowski-Schwarz (CBS) constant given by the active/free set
splitting of the Hessian A. Then

egy (M1 A) < <

The bound is sharp iff

o

('U]:> = Umin + Umaz and S’U]: = )\’U}‘, (1)

where v, and v,,4, are eigenvectors belonging to minimal and maximal
eigenvalues of A, respectively, and

nullity (M47) # 0. 2) 1



The Worst Case Example

Discretization of —u”(z) = f:
A=|-1 2 -1 0 ... 0|er™,
where n > 3 is odd and F = {1,3,5,...,n}.

AN X free set /7
> O active set s



The Worst Case Example

_ 1
Heff (M lA) é 1 —
~ € [0,1) represents the "strength of coupling” between Arr and A 44

2

Numerically:
gl Kepr (M A) | (5 (4) +1)*/ (4r(4))
3 0.7071 2.0000 2.0000
9 0.9511 10.4721 10.4721
99 0.9995 1,013.5452 1,013.5452
999 | 1.0000 | 10,1321.5170 10,1321.5170

The bounds are attained analytically as well.



Benchmarks and Parameters

Journal Bearing (lubricant pressure distribution): P1 discretization of

axgmin | (;wqm)m(x)rﬁ - wz(x)v(w)) i,

veK
K={ve H}(D):v>0}, D=(0,2r)x(0,2d),

where wy(z1, 22) = (1 + €cos 21)3, wy(my, 22) = esinmy, e = 0.1 and d = 10.

*pressure scaled by factor of 20 W om om 6D 6B e e

legend contains true values 15



Benchmarks and Parameters

3D Linear Elasticity Contact Problem (Primal):

- bottom fixed z,
- pushed from above

- obstacle close to the right side lllll ;

- Q1 discretization

Solver: R
// l: é 0¢-03 5
- rtol 1le—10 g
&
© F = 1 f AR A l-ne-uz%

- PERMON implementation
- high-performance parallel library for solution of QPs
- based on PETSc

- LUMI supercomputer, single core: AMD EPYC 7763 @ 245 GHz, Cray clang 16 with -03



3D Cube Contact Problem with 20x40x80 Finite Elements (209,223 DoFs)

Method | Type Precond. | Hess. CG | Exp. | Prop. | Time [s] g
MPPCG | None None 2766 | 2269 | 244 8 37.93 | 1.00
MPPCG | Face Cholesky 14 6 1 5| 21237 | 0.18
MPPCG | Approx | Cholesky 57 43 3 7 30.19 | 1.26
MPPCG | Face ICC 344 | 212 | 60 11 72.38 | 0.52
MPPCG | Approx | ICC 473 | 297 | 84 7 10.38 | 3.65
MPPCG | Face SSOR 696 | 439 | 125 6 82.46 | 0.46
MPPCG | Approx | SSOR 715 | 443 | 132 7 22.55 | 1.68




Journal Bearing Problem with 400x25 Discretization Points (10,000 DoFs)

Method | Type Precond. | Hess. CG | Exp. | Prop. | Time [s] g
MPPCG | None None 2348 | 2218 | 25 79 0.27 | 1.00
MPPCG | Face Cholesky 157 78 0 78 195 | 0.14
MPPCG | Approx | Cholesky 197 97 10 79 091 | 0.29
MPPCG | Face ICC 179 | 100 0 78 0.17 | 1.59
MPPCG | Approx | ICC 208 87 | 19 82 0.04 | 7.28
MPPCG | Face SSOR 748 | 623 | 22 80 0.60 | 0.44
MPPCG | Approx | SSOR 858 | 699 | 38 82 0.19 | 1.42




MPPCG, Approx, Cholesky - Journal Bearing — 400x25 Grid Points (10,000 DoFs)

L S S S i -
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Iteration



Journal Bearing Problem with 1600x100 Discretization Points (160,000 DoFs)

Method | Type Precond. | Hess. CG | Exp. | Prop. | Time [s] Sy
MPPCG | None None 25166 | 21632 | 1509 515 40.40 | 1.00
MPPCG | Face Cholesky 617 308 0| 308 | 317.43|0.13
MPPCG | Approx | Cholesky 887 379 93 | 321 59.38 | 0.68
MPPCG | Face ICC 776 368 42 323 11.15 | 3.62
MPPCG | Approx | ICC 1976 238 564 609 4.47 | 9.04
MPPCG | Face SSOR 9609 6194 | 1346 722 113.18 | 0.36
MPPCG | Approx | SSOR 11661 | 6902 | 1982 794 3532 | 1.14

20



Conclusion and Outlook

- PERMON - open-source scalable library for convex QP

- Black box preconditioning of MPGP-type methods

- MPPCG with the approx. precond. in face gives large speedups

- Analysis of the error between preconditioning in face and its approx. variant
- Sharp bound on the condition number of the preconditioned operator

Outlook:

- Apply preconditioned MPGP-type methods to QP E E
|
|

problems where good preconditioners for
unconstrained problems are known (e.g., FETI)

- Optimal precond. for partially constrained problems

https://arxiv.org/abs/2507.00617 E 21


https://arxiv.org/abs/2507.00617

Thank you for your attention!
Any questions?

Jakub Kruzik, David Horak

jakub.kruzik@ugn.cas.cz
MOy
RERITTUI

https://permon.vsb.cz
https://github.com/permon
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