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Evaluation of BEM singular integrals

Dirichlet problem for the Laplace equation, direct BIE
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(T, ..., T,,) ... triangulation (segmentation in 2d) of T',
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1
Find ¢"(x thﬂ ; Vt:(§M+K>g

//nyds ) ds(x // Xy)ds()ds(x), M =

with G(x,y) = —5=In|x — y| or G(x,y) == H in 2d/3d

where



Evaluation of BEM singular integrals

Gaussian quadrature of 2d singular kernels, identical segments
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Evaluation of BEM singular integrals

CUDA C code example (2d common vertex case)

__global__ void singleLayerLaplace2d_commonVertex
(float *as, float *bs, int quadn, float *V)

{

int tid = threadldx.x + blockldx.x * blockDim.x, idx = 2*tid, i;
float al, a2, bl, b2, J1, J2, xy1, xy2, I, eta, weta;
al = as|idx|; a2 = as[idx+1]; bl = bs[idx|; b2 = bs[idx+1];
J1 = sqrt(al*al+a2*a2); J2 = sqrt(b1*b14-b2*h2);
for (i=0, 1=0.0f; i<quadn; i4++)
{
eta = quadPointsi]; weta = quadWeights|i];
xyl = al-eta®™bl; xy2 = a2-eta*b2;
[ += weta * log(xy1*xyl+xy2*xy2);
h
Vitid] = -J1*J2/F _PI1/2.0f * 0.5f * (-1.0f + I);



Evaluation of BEM singular integrals

Gaussian quadrature of 3d singular kernels, identical panels

[Erichsen, Sauter '98], [Sauter, Schwab "04]
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Evaluation of BEM singular integrals

CUDA C code example (3d identical panels case)

__global__ void singleLayerLaplace3d_idPanels

(float *us, float *vs, int quadn, float *V)
int tid = threadldx.x + blockldx.x * blockDim.x, idx = 3*tid, i;
float ul, u2, u3, vl, v2, v3, J1, J2, J3, J, xy1, xy2, xy3, I, eta, weta;
ul = usfidx|; u2 = uslidx+1]; u3 = uslidx+2]; vl = vs|idx]; ...

J1 = u2*v3-u3*v2; J2 = ud*vl-ul*v3; J3 = ...; J = J1*J14+J2*J2+J3*J3;
for (i=0, 1=0.0f; i<quadn; i4++)
{

eta = quadPointsi]; weta = quadWeights|i];
xyl = etad*ul+vl; xy2 = eta3*u2+v2; xy3 = eta3*u3-+v3;
[ += weta / sqrt(xy1*xyl+xy2*xy2+xy3*xy3);

}
Vitid] = J * 1/ F_PI / 12.0f:
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Operator preconditioning

Abstract theory [Steinbach, Wendland 98], [Hiptmair ’06]

Ae L(Q,Q%...Q — elliptic (cy), )
B e L(V,V* V' — elliptic (¢p), _ _ All || Bl || D]|?
D € L'<(Q V*>) . 1nf—suppstab(leB(>cD), » = w(DTIBD T A) < | HCJ CB”CH% | '
Qhc Q, VhcV, dmQ"=dimV"=n )

Application to BEM

Q= H'AT),V := H'/*D),
Q" = (Uy,...,U,) element-wise, V" := (1, ..., ©,) nodal-wise: dim Q" = dim V"
A .. . single- 1ayer operator, B ...regularized hyper-singular operator

Laplace: [Steinbach, Wendland 98]
Helmholtz: [Christiansen, Nédélec "00]
Maxwell: [Buffa, Christiansen 07]



Operator preconditioning

BEM spaces — Q" := (U;);, V" := (¢});

[Steinbach, Wendland "98]: dual meshes [Steinbach '02]: robust, but
C''-cont. quadratic B-splines computationaly demanding




Operator preconditioning

Novel 2d basis V" := (¢;); imitating the dual mesh [L., Machaczek ’26-]
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GPU implementation, numerical results

CPU-GPU (CUDA C) implementation)

Operator A (1-layer) action (GPU):

e GPU: apply diagonal (identical panels) entries,

o GPU: apply common-edge entries (3d)

e GPU: apply common-vertex entries,

e GPU: apply disjoint-panels entries.
Preconditioner action (CPU-GPU):

e CPU: solve the Gramm matrix D7,

e GPU: apply regularized hyper-singular matrix B,

e CPU: solve the Gramm matrix D1,



Dual mesh vers. polynomial preconditioner, 2 = (0,1)°, u(z) = 73

Numerical results, comparison to dual-mesh approach

1

prob. size | action of action of PCG  |sol. time |rel. error
n| Vs |G DG [§]|iterations 8] HtH_tm]HO
768 0.03 0.07 10 3 1.7e-2
30721 0.45 0.8 11 39 7.5e-3
12288 7.1 13 11 Ho4 3.4e-3
49152 120 203 11 4135 1.6e-3

Performed on GeForce RTX 4060 with 3072 cores, PCG tolerance le-6.




Numerical results, comparison to dual-mesh approach

1

Dual mesh vers. polynomial precond., () crankshaft, u(z) =

|22
prob. size | action of action of PCG  |sol. time |rel. error
n| Vs |G DG [§]|iterations 8] HtH_tm]HO
1656 0.14 0.25 13 § 8.8e-4
6624 | 2.3 3.7 13 88 3.8e-4
24496 36 60 13 1419 1.8e-4
105984 | 594 944 14 1.37e-4

Performed on GeForce RTX 4060 with 3072 cores, PCG tolerance le-6.
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Conclusion, outlook

Conclusion

e BEM on GPU,
e an optimal (robust) operator preconditioning,

e higher-order BEM in progress.

Outlook

e an open-source library

e fast parallel BEM on CPU-GPU,
e Helmholtz, Maxwell,
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