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Model problem
Oru—Dyu=1inQ:=02x(0,T), u=00nX =002x(0,T), u(0) =uginQ

Variational formulation:
[OS 2015; Schwab, Stevenson 2009; Urban, Patera 2014; Andreev 2013, Mollet 2014; . ..]

Findue X={ueY:0we Y}, ul0)=uin Q
b(u, v) := (Oeu, V)@ + (Vxt, Viv)i2() = (f, V)@
is satisfied for all v € Y = L2(0, T; H}(Q)).
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Ty

Model problem
Oru—Dyu=1inQ:=02x(0,T), u=00nX =002x(0,T), u(0) =uginQ

Variational formulation:
[OS 2015; Schwab, Stevenson 2009; Urban, Patera 2014; Andreev 2013, Mollet 2014; . ..]
Findue X={uveY:0we Y} u(0)=upin Q:

b(u,v) == (Oru,v)q + (Vxu, Viv)2(q) = (f, V)@

is satisfied for all v € Y = L2(0, T; H}(Q)).

Assumptions
> feY uwel?(Q), meX »ueX
> feL?2(Q), up € H{Q) — ue XN H>(Q)
» But what about discontinuous initial data, uy € H*(Q), s < 1/2.
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Ty

Model problem
Oru—Dyu=1inQ:=02x(0,T), u=00nX =002x(0,T), u(0) =uginQ

Variational formulation:
[OS 2015; Schwab, Stevenson 2009; Urban, Patera 2014; Andreev 2013, Mollet 2014; . ..]

Findue X={ueY:0we Y}, ul0)=uin Q
b(u, v) := (Oeu, V)@ + (Vxt, Viv)i2() = (f, V)@
is satisfied for all v € Y = L2(0, T; H}(Q)).

Assumptions
> feY uwel?(Q), meX »ueX
> feL?2(Q), up € H{Q) — ue XN H>(Q)
» But what about discontinuous initial data, uy € H*(Q), s < 1/2.

Homogenization: Find u € Xy = {w € X : w(0) = 0} such that

b(u,v) = (f,v)q — b(tp,v) forallvey.
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Space-time FEM: Find uj, € Xp p:

b('ﬁh, Vh) = <f, Vh>Q — b(ao, Vh)

Space-time finite element spaces

Xo,n C Xo,

YhCY,

dimX07/—, =dim Yh,

for all v, € Yy,

X07h cyY
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Space-time FEM: Find uj, € Xp p:
b(4p, vi) = (f, vhyq — b(Uo, vi) for all vy € Y.
Space-time finite element spaces
Xon CXo, YnCY, dimXpp=dimY,, XopCY

Discrete inf-sup stability condition

b
|unllx,, < sup blun, vn)
o£weY, |vally

for all up € Xo,n
Discrete norm (u € Xg,, Wh, vh € Yh)

i, = 1B+ s (Vi Vo) izga) = (Do )
Proof of inf-sup condition

Vhi=tn+wp € Yn  b(un, Vi) = [Vally = [Vallvllunllx, ,

Space-time piecewise linear finite element space [0S: CMAM 2015]

Yo = Xon = S5(Q) N Xo
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Space-time piecewise linear finite element space [0S 2015]

Y, = XOA,h = S,%(Q) N Xo

» Adaptive least-squares space-time FEM [Ksthe, Léscher, OS: arXiv 2023]
» Convection-diffusion problems [Kéthe, OS: CMAM 2026]
» Rotating electric machines [Gangl, Gobrial, 0S: CMAM 2025]
» Optimal control problems
[Langer, OS, Tréltzsch, Yang: SISC/SINUM 2021; Langer, OS, Yang: ACOM 2024]
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Space-time piecewise linear finite element space [0S 2015]

Y, = XOA,h = S,%(Q) N Xo

» Adaptive least-squares space-time FEM [Ksthe, Léscher, OS: arXiv 2023]
» Convection-diffusion problems [Kéthe, OS: CMAM 2026]
» Rotating electric machines [Gangl, Gobrial, 0S: CMAM 2025]
» Optimal control problems
[Langer, OS, Tréltzsch, Yang: SISC/SINUM 2021; Langer, OS, Yang: ACOM 2024]

Space-time tensor product finite element spaces
Vi, = Sh(2)NH; (Q) = span{pi}ily, Wy, = Sp(0, T)NHq (0, T) = span{vf }
Then,

Xo,h = Wi ® Vi,
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Space-time piecewise linear finite element space [0S 2015]

Y, = XOA,h = S,%(Q) N Xo

» Adaptive least-squares space-time FEM [Ksthe, Léscher, OS: arXiv 2023]
» Convection-diffusion problems [Kéthe, OS: CMAM 2026]
» Rotating electric machines [Gangl, Gobrial, 0S: CMAM 2025]
» Optimal control problems
[Langer, OS, Tréltzsch, Yang: SISC/SINUM 2021; Langer, OS, Yang: ACOM 2024]

Space-time tensor product finite element spaces
Vi, = ShQ)NH(Q) = span{ii}y, Wi, = S4(0, T)NHG (0, T) = span{y} 1}t
Then,
Xon=Wp & Va, Yo=Wo @ Vs, Wy =span{uf}l,
Note that

X07h ¢ Yy, but dimXOJ, =dimY, = N; - M,, Orup € Yy, for up, € X()’/-,
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Unique solvability follows from the discrete inf-sup condition

b(up, v,
1Orunllizoy < sup  2Lhv8)

, Vi =0tup € Yh, up € Xo,n
0£ve Vs | Vall12(q)
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Unique solvability follows from the discrete inf-sup condition

b(up, vy
[0cunll12(Q) < sup Dot ve)
0£veVy |[Valli2(@)

, Vi =0tup € Yh, up € Xo,n
Discrete norm
2
lullk == cg” 10:ully + @R ully,  1IVxQhulliz) < collVaullz)

Discrete inf-sup condition

b(up, v,
lunlxs sup Zlunvh)

for all up € Xo,n
0F#vhEY) ||VhHY
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Unique solvability follows from the discrete inf-sup condition

b(up, v,
1Orunllizoy < sup  2Lhv8)

, Vi =0tup € Yh, up € Xo,n
0£ve Vs | Vall12(q)

Discrete norm
) —2
ulli:= cg®l10eully + 1@hullys  VxQhulliz) < collVxullig)
Discrete inf-sup condition

b
llunllx < sup blun, vn) for all up € Xo,n
0AVHEYh ||VhHY

Cea's lemma

1T —Tnllix < V2 inf [T — 2z
ZhEXo,h
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Approximation properties
se[1,2,0€(3,2]:

[T = Qp lntlly < by a0, mims(@) + € hT 8] 0,712 ()
T€[0,1,0€[1,2]:

10:(T— Qi IEW)ly+ < i W7 [10eTill 120, 7.1 () + 2 e [Tl e (o, 7110
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Approximation properties
se[1,2,0€(3,2]:

[T = Qp lntlly < by a0, mims(@) + € hT 8] 0,712 ()
T€[0,1],0€[1,2]:
10:(T—QF - 0)|ly+ < c1 hE™7 110:Tl| 20,71 )y + €2 W ([Tl oo, 7. H-1(02))

s=2,0=1,7=0, 0=2, hy = hy:

Ila — unllx
1/2
~ ~ ~12 ~12
< chy |U|%2(O,T;H2(Q)) + |u|$-ll(0,T;H01(Q)) + 110:ull 20y + 1ullie(o, 7;1-1(0))
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Approximation properties
se[1,2,0€(3,2]:

[T = Qp lntlly < by a0, mims(@) + € hT 8] 0,712 ()
T€[0,1],0€[1,2]:
10:(T—QF - 0)|ly+ < c1 hE™7 110:Tl| 20,71 )y + €2 W ([Tl oo, 7. H-1(02))

s=2,0=1,7=0, 0=2, hy = hy:

Ila —unlx
_ _ _ _ 1/2
< chy “Uﬁz(o,T;Hz(Q)) + |u|$-ll(0,T;H01(Q)) + ||3rU||f2(Q) + ”UHiI?(O,T;H—l(Q))
1/2
< chy ||uoll} + 112200 7120 + 11 FFc0. 711 /
= X 01l H2(Q) L2(0,T;H3 () H(0,T;H-1(2))
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Error estimate in L?(Q):

[~ Tnllizgy < ¢ b2 |l ey + [llmo.Tree)]
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Error estimate in L?(Q):

[~ Tnllizgy < ¢ b2 |l ey + [llmo.Tree)]

Error estimate in Y
3= Bally < (@) e
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Error estimate in L?(Q):
[~ Tnllizgy < ¢ b2 |l ey + [llmo.Tree)]

Error estimate in Y
[a—unlly < c(u)hy

Recall that we solve for uj, satisfying
b(tp + o, vh) =0 for all vy € Y.
But from a practical point of view, we have to solve for 7y, satisfying
b(th + Qp Ip.Uo, vi) =0 for all vy € Yp,

and doing some reordering as known from inhomogeneous Dirichlet boundary
conditions; application of Strang lemma.
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Numerical example: smooth solution

Q=(-1,1), T=1, h=hs, u(x,t)=cosntsinmx

Ne Ny Ju— uh”[_z(Q) eoc ||u— uplly eoc

2 2 0735-101 3.147 - 10°

4 4 1975-107! 2.30 1.500-10° 1.07

8 8 4.360-1072 218 7.141-107! 1.07
16 16 1.082-1072 2.01 3.562-10"! 1.00
32 32 2.704-1073 200 1.781-107' 1.00
64 64 6.760-10"* 2.00 8.904-10"2 1.00
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Numerical example: smooth solution

Q=(-1,1), T=1, h=hs, u(x,t)=cosntsinmx

Ny Ny Ju— uh||Lz(Q) eoc |lu— uply eoc

2 2 09.735-1071 3.147 - 10°

4 4 1.975-1071 2.30 1.500-10° 1.07

8 8 4.360-1072 2.18 7.141-107' 1.07
16 16 1.082-1072 201 3.562-107! 1.00
32 32 2.704-1073 2.00 1.781-10"! 1.00
64 64 6.760-10"* 2.00 8.904-10"2 1.00

All the previous error estimates are not applicable when considering less

regular data, i.e., discontinuous initial conditions.
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Discrete norm

-2 —2
Tullk = cg® 0eull¥e + 1QRully < cg® 0eullF- + Ilully < cllullk

Norm equivalence [Andreev 2012]
c min{1, by W2} lunllx <llunllx for all up € Xo.p

Discrete inf-sup condition

b
e min{L A 1) flupllx < sup 2L vh)
[ 1711%
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Discrete norm

Vet lully < cllulk

lullk = cg® l0eull3- + 1 Qhully < cg® 0:ul
Norm equivalence [Andreev 2012]
c min{1, by W2} lunllx <llunllx for all up € Xo.p

Discrete inf-sup condition

b
e min{L A 1) flupllx < sup 2L vh)
[ 1711%

Parabolic scaling
h; = h?

Cea's lemma

Ja—Thllx < ¢ min Ia—zlx
Z;,GXO,/,

HPCSE 2026
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Approximation properties
sel,2,0€(3,2:

16— Qb Inully < c1 b ]2, 13m0 + €2 bt hY [Tl e (0, T:12(2))

T€0,1,0€[1,2]:

10:(@— Q£ ) ly+ < 1 W7 [10¢tlli2(0, 7.1+ () + 2 [Tl e (o, 7110
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Approximation properties
sel,2,0€(3,2:

16— Qb Inully < c1 b ]2, 13m0 + €2 bt hY [Tl e (0, T:12(2))
T€0,1,0€[1,2]:
0:(—Qp In,0)lv+ < c1 h™7 (|0¢t| 20,71~ (2)) + €2 h! all e (o, 7;H-1(2))

0:

s=2,0=1,7=00=3 h="m"f

= Tallx < ¢ ho |[Fleae) + Il i0, 7

B O Steinbach HPCSE 2026

10 / 27



Approximation properties
sel,2,0€(3,2:

16— Qb Inully < c1 b ]2, 13m0 + €2 bt hY [Tl e (0, T:12(2))
T€0,1,0€[1,2]:
0:(—Qp In,0)lv+ < c1 h™7 (|0¢t| 20,71~ (2)) + €2 h! all e (o, 7;H-1(2))

5:2,0:1,T:O,Q:%,ht:h)2<yf 0:

|4 —unllx < chy [|D|H2’1(Q) [l r20, -1 @) | < € hx lluollin(e)
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Approximation properties
sel,2,0€(3,2:

16— Qb Inully < c1 b ]2, 13m0 + €2 bt hY [Tl e (0, T:12(2))
T€0,1,0€[1,2]:
0:(—Qp In,0)lv+ < c1 h™7 (|0¢t| 20,71~ (2)) + €2 h! all e (o, 7;H-1(2))

5:2,0:1,T:O,Q:%,ht:h)2<yf 0:

|4 —unllx < chy [|D|H2’1(Q) [l r20, -1 @) | < € hx lluollin(e)

With
[0 —pllx < cllullx < clluollz)

we finally conclude

for uy € H*(R) = [L3(), H3(Q)]js» s € [0,1]

[T —nllx < ch [luollzs (g
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Nitsche trick (h; = h?)

[0 — Unlli2(q) < chllu—Tnllx

B O Steinbach HPCSE 2026

11/ 27



Nitsche trick (h; = h?)

[0 — Unlli2(q) < chllu—Tnllx

Numerical example: singular solution

Q=(-1,1), T=1, h=~h, f(x,t)=0, u(x)= { (1)
NX Nt HU — Uh”[_z(Q) eocC ||u — uth €ocC
2 4 2715-1071 1.098 - 10°
4 16 6.251-1072 212 3.027-10! 1.86
8 64 2.241-1072 148 2.146-10"' 0.50
16 256 7.914-1073 150 1.518-10"! 0.50
32 1024 2.805-10~% 150 1.074-10"! 0.50
64 4096 9.935-10~* 150 7.613-1072 0.50

for [x| < 3,

else.
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Space-time variational formulation
b(/l;h + /,}tQéxﬁo, Vh) = <f, Vh>Q for all v, € Yy,

For the particular test function v,(x, t) = ¥9(t)p.(x), this gives

L R A |
Z/ udt/ Pr(x) pe(x) dx
k=1"ti-1 e Q

M, t:
B o I
+Z/t <uk 1 + T(Uk —u, 1)) dt/g;vx(pk(x) . VX@K(X) dx
k=1v"t-1

= /ttf f(x, t)pe(x) dx
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Space-time variational formulation
b(ah + /,}tQéxﬁo, Vh) = <f, Vh>Q for all v, € Yy,

For the particular test function v,(x, t) = ¥9(t)p.(x), this gives

L R A |
Z/ udt/ Pi(x) pe(x) dx
R Q

M, t:
B o I
+Z/t <uk 1 + T(Uk —u, 1)) dt/g;vx(pk(x) . VXSOK(X) dx
k=1v"t-1

_ /t T, )r(x) dx

Crank-Nicolson scheme

) . 1 . . .
Mh(gl 7gl71)+§ht Kh(ﬂ’+ﬂ’71) - f’a I: 13"'3Nt'
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Ty

Solution u up for N = N; - N, = 961

Strong oscillations in the numerical solution! (hy = hy)

O. @sterby: Five ways of reducing the Crank-Nicolson oscillations. BIT 43 (2003) 811-822.
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Primal variational formulation

T T T
/ /6‘tuvdxdt+/ /qu~vadxdt:/ /fvdxdt
0o Ja 0o Ja 0o Ja
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Primal variational formulation

T T T
/ /6‘tuvdxdt+/ /qu~vadxdt:/ /fvdxdt
0o Ja 0o Ja 0o Ja

Integration by parts in time
/ / uOsv dx dt

/OT/Qatuvdxdt - /uvdx
= —/Quov(O)dx—/0 /Quatvdxdt (v(T)=0)
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Primal variational formulation

T T T
/ /6‘tuvdxdt+/ /qu~vadxdt:/ /fvdxdt
0o Ja 0o Ja 0o Ja

Integration by parts in time
/ / uOsv dx dt

/OT/Qatuvdxdt - /uvdx
= —/Quov(O)dx—/0 /Quatvdxdt (v(T)=0)

Adjoint variational formulation to find u € Y such that

br(u,v) = —(u,0:v)g + (Vxu, VXV>L2(Q) ={f,v)q + {(uo, v(O))Lz(Q)

is satisfied for all v € X7 :={v € X : v(T) = 0}.
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Adjoint space-time FEM: Find u, € Y}y, := W,% ® Vj, such that
br(un, vi) = (f, v) @ + (uo, vn(0)) 12()

is satisfied for all vy € X = W, ® Vi, W, = SH0, T) N HY(0, T).
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Adjoint space-time FEM: Find u, € Y}y, := W,% ® Vj, such that

br(un, vi) = (f, vh)q + (w0, vn(0)) 12(e)
is satisfied for all vy € X = W, ® Vi, W, = SH0, T) N HY(0, T).
Discrete inf-sup stability condition

. _ b Up, Vh
c min{1, h; L h2} ||unlly SO;éSlg))( T(Vh”’X)
Vh ,0,h
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Adjoint space-time FEM: Find u, € Y}y, := W,% ® Vj, such that
br(un, vi) = (f, v) @ + (uo, vn(0)) 12()
is satisfied for all vy € X = W, ® Vi, W, = SH0, T) N HY(0, T).

Discrete inf-sup stability condition

. _ b Up, Vh
c mln{l,htlhi}Huth So;ésir))( T(Vh”’X)
vhEX 0,h

Cea's lemma (h; = h?)
lu = ully < ¢ inf [lu—wlly < cllu— Qi @b ully < chlluollzs

Error estimate for ||u — up||2(q) follows similar as for the primal formulation.
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Numerical example: smooth solution

Q=(-1,1), T=1, h=hs, u(x,t)=cosntsinmx

ht - hx

N, Ny fu— Uh||L2(Q) eoc ||u— uplly eoc

2 2 1.011-10° 3.106 - 10°

4 4 45081071 1.17 1.967-10°  0.66

8 8 2257-107! 1.00 9.979-10"! 0.98
16 16 1.132-10°1! 1.00 5.024-10"! 0.99
32 32 5.666-1072 1.00 2.517-10"! 1.00
64 64 2.834-1072 1.00 1.259-10"! 1.00

B O Steinbach HPCSE 2026

16 / 27



Numerical example: smooth solution

Q=(-1,1), T=1, h=hs, u(x,t)=cosntsinmx
hy = hy
Ny N lu—unlliz@)  eoc  |lu— unlly eoc
2 2 1.011-10° 3.106 - 10°
4 4 4508-10"' 1.17 1.967-10° 0.66
8 8 2257-107! 1.00 9.979-10"! 0.98
16 16 1.132-107' 1.00 5.024-10"! 0.99
32 32 5666-1072  1.00 2.517-10"! 1.00
64 64 2.834-1072 1.00 1.259-10"! 1.00
hy = h?
2 4 1.011-10° 3.106 - 10°
4 16 2.196-10"' 220 1.420-10° 1.13
8 64 5.743-1072 1.94 7.126-10"' 0.99
16 256 1.452-.1072 198 3.562-10"! 1.00
32 1024 3.641-1073 200 1.781-10"' 1.00
64 4096 9.109-10~* 2.00 8.904-10"2 1.00

il O Steinbach
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Numerical example: singular solution

for |x| <

Q=(-1,1), T=1 h=R Ffxt)=0, ux) _{ :

N, Ne  ||u— upl|2 eoc ||u— uplly eoc
2 4 1.402-10°1 9.934.10° T

4 16 6.058-1072 121 3.224-107! 1.62
8 64 2023-1072 158 2211-10"! 054
16 256 7.123-107% 151 1.569-10"! 0.50
32 1024 2513-1073 150 1.109-10"' 0.50
64 4096 8.877-107* 150 7.861-1072 0.50

1
2

il O Steinbach
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Ty

Solution u up for N = N; - N, =961

No oscillations in the numerical solution! (h; = hy)
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Fori=1,...,N;—1:
My

3 [ ol de [ pedx

My

+Z/:? uk(t)9i (t) dt/QVXQDk(X).VXW(X) dx

k=1

_ / /Q F(x, €)pe(x) dx v} (t) dt
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Fori=1,...,N;—1:

My

3 [ w0k d [ eetod

30 [ w0 [ V) Vgl

k=1"ti-1
tiva
= [ [ fx e et o
ti—1 Q
Crank-Nicolson scheme

. . 1 . ) .
My(u™t — o) + 5 e Ko(utt + u') = f
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Ty

For i = 0:
_ZX:/t 1 uk(t) Debg (t) dt/QQOk(X)gde)dx
+2/tl uk(t)¢é(t) dt/QVXSOk(X)'VXgOg(X) dx

_ /t . /Q F(x, t)pe(x) dx b (t) dt + /Q o (X)pe(x) dx
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For i = 0:
_ZX:/t 1 uk(t) Debg (t) dt/QQOk(X)gde)dx
+2/ttl u ()03 (t) dt/ﬂvx@k(x)~vx<pg(x) dx

_ /t . /Q F(x, t)pe(x) dx b (t) dt + /Q o (X)pe(x) dx

Implicit Euler scheme

1
Mpu* + 5 he Kpu' = 0 4 u°
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For i = 0:
_ZX:/t 1 uk(t) Debg (t) dt/QQOk(X)gde)dx
+ ZX: /tfl u ()03 (t) dt/ﬂvxgpk(x) - Vpe(x) dx

ty
= / / f(x, t)pe(x) dx z/)é(t) dt + / up(x)e(x) dx
to Q Q
Implicit Euler scheme
1
Miu' + 5 he Ky = O+ uf

— smoothing projection of the initial datum

R. Rannacher: Finite Element Solution of Diffusion Problems with Irregular Data. Numer.
Math. 43 (1984) 309-327.
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Conclusions
» Smooth data and regular solutions

» primal formulation with h; ~ hy
» use of higher order polynomials in space and time
> efficient iterative/direct solution of linear algebraic systems
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Conclusions
» Smooth data and regular solutions
» primal formulation with h; ~ hy
» use of higher order polynomials in space and time
> efficient iterative/direct solution of linear algebraic systems
» discontinuous initial data and less regular data
» adjoint formulation with parabolic scaling h; = h?
smoothing by using an implicit Euler step
multiple smoothing steps
hybrid approach by changing to primal formulation after some steps

vvyy
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Conclusions

» Smooth data and regular solutions
» primal formulation with h; ~ hy
» use of higher order polynomials in space and time
> efficient iterative/direct solution of linear algebraic systems

v

discontinuous initial data and less regular data

» adjoint formulation with parabolic scaling h; = h?

> smoothing by using an implicit Euler step

» multiple smoothing steps

» hybrid approach by changing to primal formulation after some steps

v

Application to other evolution problems (Stokes, Navier—Stokes, .. .)

v

Formulations in anisotropic Sobolev spaces H''/?(Q) using a (modified)
Hilbert transform [0S, Zank: ETNA 2020]

v

Coupled problems (elliptic-parabolic-hyperbolic)
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Happy Birthday, Zdenek!
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