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Model problem

∂tu−∆xu = f in Q := Ω×(0,T ), u = 0 on Σ = ∂Ω×(0,T ), u(0) = u0 in Ω

Variational formulation:
[OS 2015; Schwab, Stevenson 2009; Urban, Patera 2014; Andreev 2013, Mollet 2014; . . . ]

Find u ∈ X = {u ∈ Y : ∂tu ∈ Y ∗}, u(0) = u0 in Ω:

b(u, v) := ⟨∂tu, v⟩Q + ⟨∇xu,∇xv⟩L2(Q) = ⟨f , v⟩Q

is satisfied for all v ∈ Y = L2(0,T ;H1
0 (Ω)).

Assumptions

▶ f ∈ Y ∗, u0 ∈ L2(Ω), ũ0 ∈ X → u ∈ X
▶ f ∈ L2(Q), u0 ∈ H1

0 (Ω) → u ∈ X ∩ H2,1(Q)
▶ But what about discontinuous initial data, u0 ∈ Hs(Ω), s < 1/2.

Homogenization: Find ũ ∈ X0 = {w ∈ X : w(0) = 0} such that

b(ũ, v) = ⟨f , v⟩Q − b(ũ0, v) for all v ∈ Y .
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Space-time FEM: Find ũh ∈ X0,h:

b(ũh, vh) = ⟨f , vh⟩Q − b(ũ0, vh) for all vh ∈ Yh.

Space-time finite element spaces

X0,h ⊂ X0, Yh ⊂ Y , dimX0,h = dimYh, X0,h ⊂ Y

Discrete inf-sup stability condition

∥uh∥X0,h ≤ sup
0̸=vh∈Yh

b(uh, vh)

∥vh∥Y
for all uh ∈ X0,h

Discrete norm (u ∈ X0,,wh, vh ∈ Yh)

∥u∥2X0,h
= ∥u∥2Y + ∥wh∥2Y , ⟨∇xwh,∇xvh⟩L2(Q) = ⟨∂tu, vh⟩Q

Proof of inf-sup condition

vh := uh + wh ∈ Yh b(uh, vh) = ∥vh∥2Y ≥ ∥vh∥Y ∥uh∥X0,h

Space-time piecewise linear finite element space [OS: CMAM 2015]

Yh = X0,h = S1
h (Q) ∩ X0
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Space-time piecewise linear finite element space [OS 2015]

Yh = X0,h = S1
h (Q) ∩ X0

▶ Adaptive least-squares space-time FEM [Köthe, Löscher, OS: arXiv 2023]

▶ Convection-diffusion problems [Köthe, OS: CMAM 2026]

▶ Rotating electric machines [Gangl, Gobrial, OS: CMAM 2025]

▶ Optimal control problems
[Langer, OS, Tröltzsch, Yang: SISC/SINUM 2021; Langer, OS, Yang: ACOM 2024]

Space-time tensor product finite element spaces

Vhx = S1
h (Ω)∩H1

0 (Ω) = span{φk}Mx

k=1, W
1
ht = S1

h (0,T )∩H1
0,(0,T ) = span{ψ1

i }
Nt

i=1

Then,

X0,h = W 1
ht ⊗ Vhx , Yh = W 0

ht ⊗ Vhx , W 0
ht = span{ψ0

i }
Nt

i=1

Note that

X0,h ̸⊂ Yh, but dimX0,h = dimYh = Nt ·Mx , ∂tuh ∈ Yh for uh ∈ X0,h
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Unique solvability follows from the discrete inf-sup condition

∥∂tuh∥L2(Q) ≤ sup
0̸=vh∈Vh

b(uh, vh)

∥vh∥L2(Q)
, vh = ∂tuh ∈ Yh, uh ∈ X0,h

Discrete norm

|||u |||2X := c−2
Q ∥∂tu∥2Y + ∥Q0

htu∥
2
Y , ∥∇xQ

1
hxu∥L2(Ω) ≤ cQ ∥∇xu∥L2(Ω)

Discrete inf-sup condition

|||uh |||X ≤ sup
0̸=vh∈Yh

b(uh, vh)

∥vh∥Y
for all uh ∈ X0,h

Cea’s lemma
||| ũ − ũh |||X ≤

√
2 inf
zh∈X0,h

∥ũ − zh∥X
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Approximation properties

s ∈ [1, 2], σ ∈ ( 1
2
, 2] :

∥ũ − Q1
hx I

1
ht ũ∥Y ≤ c1 h

s−1
x |ũ|L2(0,T ;Hs (Ω)) + c2 h

σ
t |ũ|Hσ(0,T ;H1

0 (Ω))

τ ∈ [0, 1], ϱ ∈ [1, 2] :

∥∂t(ũ−Q1
hx I

1
ht ũ)∥Y ∗ ≤ c1 h

1−τ
x ∥∂t ũ∥L2(0,T ;H−τ (Ω)) + c2 h

ϱ−1
t ∥ũ∥Hϱ(0,T ;H−1(Ω))

s = 2, σ = 1, τ = 0, ϱ = 2, ht = hx :

||| ũ − ũh |||X

≤ c hx
[
|ũ|2L2(0,T ;H2(Ω)) + |ũ|2H1(0,T ;H1

0 (Ω)) + ∥∂t ũ∥2L2(Q) + ∥ũ∥2H2(0,T ;H−1(Ω))

]1/2
≤ c hx

[
∥u0∥2H2(Ω) + ∥f ∥2L2(0,T ;H1

0 (Ω)) + ∥f ∥2H1(0,T ;H−1(Ω))

]1/2
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|ũ|2L2(0,T ;H2(Ω)) + |ũ|2H1(0,T ;H1
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x |ũ|L2(0,T ;Hs (Ω)) + c2 h

σ
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|ũ|2L2(0,T ;H2(Ω)) + |ũ|2H1(0,T ;H1
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Error estimate in L2(Q):

∥ũ − ũh∥L2(Q) ≤ c h2x

[
∥ũ∥H1(0,T ;H2(Ω)) + ∥ũ∥H2(0,T ;H2(Ω))

]
.

Error estimate in Y :
∥ũ − ũh∥Y ≤ c(ũ) hx

Recall that we solve for ũh satisfying

b(ũh + ũ0, vh) = 0 for all vh ∈ Yh.

But from a practical point of view, we have to solve for ûh satisfying

b(ûh + Q1
hx I

1
ht ũ0, vh) = 0 for all vh ∈ Yh,

and doing some reordering as known from inhomogeneous Dirichlet boundary
conditions; application of Strang lemma.
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b(ũh + ũ0, vh) = 0 for all vh ∈ Yh.

But from a practical point of view, we have to solve for ûh satisfying
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b(ũh + ũ0, vh) = 0 for all vh ∈ Yh.

But from a practical point of view, we have to solve for ûh satisfying
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Numerical example: smooth solution

Ω = (−1, 1), T = 1, ht = hx , u(x , t) = cosπt sinπx

Nx Nt ∥u − uh∥L2(Q) eoc ∥u − uh∥Y eoc
2 2 9.735 · 10−1 3.147 · 100
4 4 1.975 · 10−1 2.30 1.500 · 100 1.07
8 8 4.360 · 10−2 2.18 7.141 · 10−1 1.07
16 16 1.082 · 10−2 2.01 3.562 · 10−1 1.00
32 32 2.704 · 10−3 2.00 1.781 · 10−1 1.00
64 64 6.760 · 10−4 2.00 8.904 · 10−2 1.00

All the previous error estimates are not applicable when considering less
regular data, i.e., discontinuous initial conditions.
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Discrete norm

|||u |||2X = c−2
Q ∥∂tu∥2Y ∗ + ∥Q0

htu∥
2
Y ≤ c−2

Q ∥∂tu∥2Y ∗ + ∥u∥2Y ≤ c ∥u∥2X

Norm equivalence [Andreev 2012]

c min{1, h−1
t h2x} ∥uh∥X ≤ |||uh |||X for all uh ∈ X0,h

Discrete inf-sup condition

c min{1, h−1
t h2x} ∥uh∥X ≤ sup

0̸=vh∈Yh

b(uh, vh)

∥vh∥Y

Parabolic scaling
ht = h2x

Cea’s lemma
∥ũ − ũh∥X ≤ c min

zh∈X0,h

∥ũ − zh∥X
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Approximation properties

s ∈ [1, 2], σ ∈ ( 1
2
, 2] :

∥ũ − Q1
hx I

1
ht ũ∥Y ≤ c1 h

s−1
x |ũ|L2(0,T ;Hs (Ω)) + c2 h

−1
x hσt |ũ|Hσ(0,T ;L2(Ω))

τ ∈ [0, 1], ϱ ∈ [1, 2] :

∥∂t(ũ−Q1
hx I

1
ht ũ)∥Y ∗ ≤ c1 h

1−τ
x ∥∂t ũ∥L2(0,T ;H−τ (Ω)) + c2 h

ϱ−1
t ∥ũ∥Hϱ(0,T ;H−1(Ω))

s = 2, σ = 1, τ = 0, ϱ = 3
2 , ht = h2x , f ≡ 0:

∥ũ − ũh∥X ≤ c hx
[
|ũ|H2,1(Q) + ∥ũ∥H3/2(0,T ;H−1(Ω))

]
≤ c hx ∥u0∥H1(Ω)

With
∥ũ − ũh∥X ≤ c ∥ũ∥X ≤ c ∥u0∥L2(Ω)

we finally conclude

∥ũ − ũh∥X ≤ c hsx ∥u0∥H̃s (Ω) for u0 ∈ H̃s(Ω) = [L2(Ω),H1
0 (Ω)]|s , s ∈ [0, 1]
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τ ∈ [0, 1], ϱ ∈ [1, 2] :

∥∂t(ũ−Q1
hx I

1
ht ũ)∥Y ∗ ≤ c1 h

1−τ
x ∥∂t ũ∥L2(0,T ;H−τ (Ω)) + c2 h

ϱ−1
t ∥ũ∥Hϱ(0,T ;H−1(Ω))

s = 2, σ = 1, τ = 0, ϱ = 3
2 , ht = h2x , f ≡ 0:

∥ũ − ũh∥X ≤ c hx
[
|ũ|H2,1(Q) + ∥ũ∥H3/2(0,T ;H−1(Ω))

]
≤ c hx ∥u0∥H1(Ω)

With
∥ũ − ũh∥X ≤ c ∥ũ∥X ≤ c ∥u0∥L2(Ω)

we finally conclude

∥ũ − ũh∥X ≤ c hsx ∥u0∥H̃s (Ω) for u0 ∈ H̃s(Ω) = [L2(Ω),H1
0 (Ω)]|s , s ∈ [0, 1]
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∥ũ − Q1
hx I

1
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|ũ|H2,1(Q) + ∥ũ∥H3/2(0,T ;H−1(Ω))

]
≤ c hx ∥u0∥H1(Ω)

With
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Nitsche trick (ht = h2x)

∥ũ − ũh∥L2(Q) ≤ c hx ∥ũ − ũh∥X

Numerical example: singular solution

Ω = (−1, 1), T = 1, ht = h2x , f (x , t) ≡ 0, u0(x) =

{
1 for |x | < 1

2 ,
0 else.

Nx Nt ∥u − uh∥L2(Q) eoc ∥u − uh∥Y eoc
2 4 2.715 · 10−1 1.098 · 100
4 16 6.251 · 10−2 2.12 3.027 · 10−1 1.86
8 64 2.241 · 10−2 1.48 2.146 · 10−1 0.50
16 256 7.914 · 10−3 1.50 1.518 · 10−1 0.50
32 1024 2.805 · 10−3 1.50 1.074 · 10−1 0.50
64 4096 9.935 · 10−4 1.50 7.613 · 10−2 0.50
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Space-time variational formulation

b(ûh + I 1htQ
1
hx ũ0, vh) = ⟨f , vh⟩Q for all vh ∈ Yh.

For the particular test function vh(x , t) = ψ0
i (t)φℓ(x), this gives

Mx∑
k=1

∫ ti

ti−1

uik − ui−1
k

ht
dt

∫
Ω

φk(x)φℓ(x) dx

+

Mx∑
k=1

∫ ti

ti−1

(
ui−1
k +

t − ti−1

ht
(uik − ui−1

k )

)
dt

∫
Ω

∇xφk(x) · ∇xφℓ(x) dx

=

∫ ti

ti−1

f (x , t)φℓ(x) dx

Crank-Nicolson scheme

Mh(u
i − ui−1) +

1

2
ht Kh(u

i + ui−1) = f i , i = 1, . . . ,Nt .
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Solution u uh for N = Nt · Nx = 961

Strong oscillations in the numerical solution! (ht = hx)

O. Østerby: Five ways of reducing the Crank-Nicolson oscillations. BIT 43 (2003) 811–822.
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Primal variational formulation∫ T

0

∫
Ω

∂tu v dx dt +

∫ T

0

∫
Ω

∇xu · ∇xv dx dt =

∫ T

0

∫
Ω

f v dx dt

Integration by parts in time∫ T

0

∫
Ω

∂tu v dx dt =

∫
Ω

u v dx

∣∣∣∣T
0

−
∫ T

0

∫
Ω

u ∂tv dx dt

= −
∫
Ω

u0 v(0) dx −
∫ T

0

∫
Ω

u ∂tv dx dt (v(T ) = 0)

Adjoint variational formulation to find u ∈ Y such that

bT (u, v) := −⟨u, ∂tv⟩Q + ⟨∇xu,∇xv⟩L2(Q) = ⟨f , v⟩Q + ⟨u0, v(0)⟩L2(Ω)

is satisfied for all v ∈ XT := {v ∈ X : v(T ) = 0}.
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Adjoint space-time FEM: Find uh ∈ Yh := W 0
ht
⊗ Vhx such that

bT (uh, vh) = ⟨f , vh⟩Q + ⟨u0, vh(0)⟩L2(Ω)

is satisfied for all vh ∈ XT ,h = W
1

ht ⊗ Vhx , W
1

ht = S1
h (0,T ) ∩ H1

,0(0,T ).

Discrete inf-sup stability condition

c min{1, h−1
t h2x} ∥uh∥Y ≤ sup

0̸=vh∈X,0,h

bT (uh, vh)

∥vh∥X

Cea’s lemma (ht = h2x)

∥u − uh∥Y ≤ c inf
vh∈Yh

∥u − vh∥Y ≤ c ∥u − Q1
hxQ

0
htu∥Y ≤ c hsx ∥u0∥H̃s (Ω)

Error estimate for ∥u − uh∥L2(Q) follows similar as for the primal formulation.
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Numerical example: smooth solution

Ω = (−1, 1), T = 1, ht = hx , u(x , t) = cosπt sinπx

ht = hx
Nx Nt ∥u − uh∥L2(Q) eoc ∥u − uh∥Y eoc
2 2 1.011 · 100 3.106 · 100
4 4 4.508 · 10−1 1.17 1.967 · 100 0.66
8 8 2.257 · 10−1 1.00 9.979 · 10−1 0.98
16 16 1.132 · 10−1 1.00 5.024 · 10−1 0.99
32 32 5.666 · 10−2 1.00 2.517 · 10−1 1.00
64 64 2.834 · 10−2 1.00 1.259 · 10−1 1.00

ht = h2x
2 4 1.011 · 100 3.106 · 100
4 16 2.196 · 10−1 2.20 1.420 · 100 1.13
8 64 5.743 · 10−2 1.94 7.126 · 10−1 0.99
16 256 1.452 · 10−2 1.98 3.562 · 10−1 1.00
32 1024 3.641 · 10−3 2.00 1.781 · 10−1 1.00
64 4096 9.109 · 10−4 2.00 8.904 · 10−2 1.00
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Numerical example: singular solution

Ω = (−1, 1), T = 1, ht = h2x , f (x , t) ≡ 0, u0(x) =

{
1 for |x | < 1

2 ,
0 else.

Nx Nt ∥u − uh∥L2 eoc ∥u − uh∥Y eoc
2 4 1.402 · 10−1 9.934 · 10−1

4 16 6.058 · 10−2 1.21 3.224 · 10−1 1.62
8 64 2.023 · 10−2 1.58 2.211 · 10−1 0.54
16 256 7.123 · 10−3 1.51 1.569 · 10−1 0.50
32 1024 2.513 · 10−3 1.50 1.109 · 10−1 0.50
64 4096 8.877 · 10−4 1.50 7.861 · 10−2 0.50
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Solution u uh for N = Nt · Nx = 961

No oscillations in the numerical solution! (ht = hx)

O. Steinbach HPCSE 2026
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For i = 1, . . . ,Nt − 1:

−
Mx∑
k=1

∫ ti+1

ti−1

uk(t) ∂tψ
1
i (t) dt

∫
Ω

φk(x)φℓ(x)dx

+
Mx∑
k=1

∫ ti+1

ti−1

uk(t)ψ
1
i (t) dt

∫
Ω

∇xφk(x) · ∇xφℓ(x) dx

=

∫ ti+1

ti−1

∫
Ω

f (x , t)φℓ(x) dx ψ
1
i (t) dt

Crank-Nicolson scheme

Mh(u
i+1 − ui ) +

1

2
ht Kh(u

i+1 + ui ) = f i
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For i = 0:

−
Mx∑
k=1

∫ t1

t0

uk(t) ∂tψ
1
0(t) dt

∫
Ω

φk(x)φℓ(x)dx

+
Mx∑
k=1

∫ t1

t0

uk(t)ψ
1
0(t) dt

∫
Ω

∇xφk(x) · ∇xφℓ(x) dx

=

∫ t1

t0

∫
Ω

f (x , t)φℓ(x) dx ψ
1
0(t) dt +

∫
Ω

u0(x)φℓ(x) dx

Implicit Euler scheme

Mhu
1 +

1

2
ht Khu

1 = f 0 + u0

→ smoothing projection of the initial datum

R. Rannacher: Finite Element Solution of Diffusion Problems with Irregular Data. Numer.

Math. 43 (1984) 309–327.
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Conclusions

▶ Smooth data and regular solutions
▶ primal formulation with ht ≃ hx
▶ use of higher order polynomials in space and time
▶ efficient iterative/direct solution of linear algebraic systems

▶ discontinuous initial data and less regular data
▶ adjoint formulation with parabolic scaling ht = h2

x

▶ smoothing by using an implicit Euler step
▶ multiple smoothing steps
▶ hybrid approach by changing to primal formulation after some steps

▶ Application to other evolution problems (Stokes, Navier–Stokes, . . . )

▶ Formulations in anisotropic Sobolev spaces H1,1/2(Q) using a (modified)
Hilbert transform [OS, Zank: ETNA 2020]

▶ Coupled problems (elliptic-parabolic-hyperbolic)

▶ . . .
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Happy Birthday, Zdenek!
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